arXiv: 1505.04294vl [math.RT] 16 May 2015 


Fl-modules and the cohomology of modular 
representations of symmetric groups 

Rohit Nagpal 


Abstract 

An Fl-module V over a commutative ring K encodes a sequence (Vn)n>o of repre¬ 
sentations of the symmetric groups (©rL]n^o over K. In this paper, we show that for a 
"finitely generated" Fl-module V over a field of characteristic p, the cohomology groups 
H^(©rL.Vn.] are eventually periodic in n. We describe a recursive way to calculate the 
period and the periodicity range and show that the period is always a power of p. As an 
application, we show that if M is a compact, connected, oriented manifold of dimension 
^ 2 and confn(M] is the configuration space of unordered n-tuples of distinct points 
in M then the mod-p cohomology groups H^(confri.(M],K] are eventually periodic in n 
with period a power of p. 
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1 Introduction 

Nakaoka showed in his 1960 paper [Nak] that the cohomology groups H^(©rL. V) stablizes in 
TL when V is a finitely generated abelian group with a trivial action of &n- More precisely he 
showed that 

V) V), ifn>2t. (1) 

Immediately afterwards, A. Dold published his paper [Do] significantly simplifying Nakaoka's 
arguments. Over the next two decades the cohomology groups H^(©rL. Z/pZ) were of great 
research interest. Nakaoka and others studied theses groups extensively determining the 
structure of the groups and the cohomology operations on them; see [Nakl], [Nak2], [Mi], 
[May], [Man]. 

It is natural to ask what happens if we allow V to vary with n or let ©tt, act nontrivially 
on V. But, to make sense out of this we need coherent sequences of ©TT,-representations. 
The coherent sequences of ©n-representations were first observed as a ubiquitously occurring 
phenomena by Church and Farb in [CF]. Soon after, the theory of Fl-modules was introduced 
and developed by Church, Ellenberg and Farb in [CEF] to study such sequences. The notion 
of coherence of such a sequence was made precise by the natural notion of finite generation 
of an Fl-module. 

In [CEF], it was shown that the finitely generated Fl-modules over a characteristic 0 
field form an abelian category and several new theorems in topology, algebra, combinatorics 
and algebraic geometry were proved as an application. Almost at the same time, Sam and 
Snowden studied a category equivalent to the category of finitely generated Fl-modules in 
[SS] and provided a detailed analysis of the algebraic structure of the category in characteristic 
0 . 

In [CEFN], Church-Ellenberg-Farb and the current author studied the category of finitely 
generated Fl-modules over a general Noetherian ring showing that the category is abelian and 
that there is an inductive description of a finitely generated Fl-module V = (Vn)n>o: there 
exists some N ^ 0 such that if n ^ N then Vn. can be described in terms of Vj, j ^ N. Such 
an inductive description had appeared before in characteristic 0 (see Putman's paper [Pu]) 
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and has several applications. In this paper, the techniques introduced in [CEFN] are used 
extensively. 

Recently, Fl-modules and the related theories have been very fruitful. Church-Ellenberg- 
Farb has related it to the point counts on varieties defined over finite fields via Grothendieck- 
Lefschetz fixed point theorem ([CEF2]). Related theory of Fl-groups has been developed by 
Church and Putman in [CP] to obtain results about the Johnson filtration on the mapping 
class groups. The theory has also been generalized to coherent sequences of representations 
of classical Weyl groups by Wilson which yields another set of applications ([Wi]). 

In this paper, we generalize Nakaoka's stability theorem and show that the cohomology 
groups Vn], where the sequence of ©^L-i'^presentations (Vnjn^o is given by a finitely 

generated Fl-module V, are eventually periodic in n. A map f : U —)■ V of finitely generated 
Fl-modules determine B^i-equivariant maps f^i : Utt, —)■ Vn for each n ^ 0. We show that 
kernel and image of f*,n : H^[6n. Un) H^(6n, Vn) are eventually periodic in n. Similarly, 
if 

O^U-t V^W^O 

is an exact sequence of finitely generated Fl-modules then the kernel and the image of the 
connecting homomorphisms in the cohomology long exact sequence are eventually periodic 
in n. 

The simplest example where periodicity can be observed is constructed as follows. Working 
overF 2 , let [Vn)n^o be the sequence consisting of permutation representations (Vn. = (^ 2 )^) 
and (Un)TL^o be the sequence consisting of trivial representations (Un = F 2 ). These se¬ 
quences form finitely generated Fl-modules V and U respectively and the map 4> : V ^ U 
given by 

n 

(t)n(ai,a2-an) = _^ai Vn 

1=1 

is an Fl-module homomorphism. Now W := kercji = (ker forms an Fl-module with 

H°(6n.. Wn) = which is nontrivial only when n ^ 2 and 2 | n. 

We remark that our results do not provide another proof of Nakaoka's theorem. Rather 
we build on Nakaoka's theorem addressing a seemingly orthogonal set of difficulties. Unlike 
Nakaoka's stability theorem our periodicity result is nontrivial even in the case when t = 0 
(see example 3.35). 

As a direct application to our results, we show that the mod-p cohomology of the un¬ 
ordered configuration space of a compact, connected and oriented manifold of dimension 
^ 2 is periodic. The precise statement and a short history of related works on configuration 
spaces is provided in §1.5. 

Related work on other categories. Parallel theories for the twisted cohomology (or homol¬ 
ogy) of several different sequences of groups exist or are being worked out. Some examples 
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include: cohomology of free groups via polynomial functors [DPV]; rational cohomology of 
classical groups via polynomial functors [To], [Kuj; homology groups Ht(GLn(R), T(AdT^(R)) 
where T: Z-Mod —)■ Z-Mod is a functor of finite degree [Dwj; homology groups Vn] 

where V is a finitely generated Fl-module [Wa] (note here that the universal coefficient the¬ 
orem cannot be used to deduce the cohomology version from the homology version and 
vice-versa because the coefficients are nontrivial representations of stability of twisted 
homology groups Ht(SLTT,(R], M.-^] and Ht(Sp 2 rL(R]. where R is a finite ring [PuSaj. 

A general twisted homological stability result for sequences of representations of wreath 
product groups G ^ ©n. where G is a polycyclic-by-finite group, is proved in [SS4]. Andrew 
Snowden and the current author are developing a cohomological version for sequences of 
representations of the groups G I ©n [NS]. In particular, when G is the trivial group, [NS] 
provides an alternate proof of periodicity of the cohomology groups H^(©tt,, Vn] with better 
bounds on the periodicity range but without optimal bounds on the period. 

Outline of the paper. We start with an overview of Fl-modules in §1.1 and the rest of the 
§1 presents precise statements of our results and an outline of the proofs. In §2, we prove 
results about the structure of finitely generated Fl-modules over a Noetherian ring. Our main 
theorem is proved in §3 and the application to configuration spaces is given in §4. In §5, we 
provide some related open questions. 

Acknowledgements. First, I thank my advisor Jordan Ellenberg for introducing me to the 
problem. For his precisely formulated questions and innumerous suggestions that encouraged 
me throughout and helped me prove the most general results. For sharing his vision that 
made me investigate the spectral sequence for the covering map from the configuration 
spaces of ordered points to the configuration spaces of unordered points which lead to the 
main application. Next, I thank Thomas Ghurch and Benson Farb for inviting me to present 
this work at the Geometry and Topology seminar at University of Ghicago in Fall 2013 when 
the work was only in its rudimentary form. I thank Benson Farb for inviting me again to 
present this work at University of Arkansas in Spring 2015 and for his helpful conversations 
on configuration spaces. I am very grateful to Thomas Ghurch for showing me a direct short 
proof of Lemma 3.2 and for several hours of crucial discussions we had in coffee shops of 
Ghicago that greatly influenced the paper as it is now. I thank Eric Ramos and Jenny Wilson 
for going through parts of the paper and for their comments. This work is a part of my thesis 
at University of Wisconsin Madison and I thank the institution for the support throughout. 

1.1 An overview of Church-Ellenberg-Farb’s theory of Fl-modules 

Let FI be the category whose objects are finite sets and a morphism between finite sets A 
and B is an injection f: A —)■ B. The category FI is equivalent to its full subcategory whose 
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objects are the sets {1, 2,..., n}, n ^ 0. For simplicity we denote {1, 2,..., n} by [n] and 
{—1, —2, ..., —n} by [—n]. The empty set is denoted by [0]. 

An Fl-module over a commutative ring IK is a covariant functor from the category FI to 
the category of K-modules. The category of Fl-modules over IK is denoted by FI-ModR. For 
an Fl-modules V, we denote the IK-module V([n]) by V^. Since the group Endpi^jn]] of 
endomorphism of [n] is naturally isomorphic to the symmetric group any Fl-module V 
determines a sequence of ^[©Ttl-modules (Vn)n^o with linear maps between them respecting 
the group actions. For an Fl-morphism f: [m] —)■ [n], we denote the map V(f) : Vm, —)■ Vn 
by f*. 

It is known that the category of functors from any small category to an abelian category 
is abelian ([CEF, Remark 2.1.2], [We, A.4.3]), so Fl-modules form an abelian category. 
Moreover, notions such as kernel, cokernel, subobject, quotient object, injection, or surjection 
are all defined "pointwise", meaning that a property holds for an Fl-module V if and only if 
it holds for each V^. For example, we say a map V —)■ W of Fl-modules is an injection if and 
only if the maps Vn, —)■ Wn are injections for all n. 

An Fl-module V is finitely generated if there is a finite set S of elements in Ui^i 'that 
no proper sub-FI-module of V contains S. 

Definition 1.1 (The Fl-module M(m) [CEF, Definition 2.2.3], [CEFN, Definition 2.2]). For 
any m ^ 0, the Fl-module M.(m) takes a finite set S to the free IK-module M.(m)s on the set 
of injections [m] '—>• S. In other words, M(m) = IK[HomFi([m], —)]; by the Yoneda lemma, 
M,(m) is uniquely determined by the natural identification 

HomFi-Mod(M(m], V) = 

An Fl-module V is said to be free if 

V = 0M(mO. < 

iei 

Definition 1.2 (The Fl-module )Vl(W) [CEF, Definition 2.2.2]). For any IK[6ra]-module W, 
the Fl-module MCW) takes a finite set S of size n to the IK[6n]-module M.('W)s given by 
M('W)s := IK[HomFi([m], S)] 0K[6m] other words, 

M(W), = ®K[e^]xK[e._^] (WKK). 

By the Yoneda lemma, M('W) is uniquely determined by the natural identification 

HomFi-Mod(M(W), V) = Home„,(W, 

Note here that M(IK[©ttl]) is same as M(m). < 
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Remark 1.3. It is shown in [CEF, Theorem 4.1.5] that Fl-modules of the form 

V = 0M(WO 

iei 

for some ]K[©rat]-fT^odules Wi are precisely the Fl-modules with FI jj (see [CEF, Defini¬ 
tion 4.1.1]) structure on them. For our purpose, an FI j]-module is an Fl-module admitting a 
decomposition as above. 

If an FIjj-module V is finitely generated as an Fl-module. Then it follows (for example, 
from the argument in Proposition 2.5) that the cohomology groups H*(©n,.Vn) stabilizes 
and hence are periodic with period 1. < 

We have the following characterization of finite generation in terms of Fl-modules M(m). 

Definition 1.4 (Finitely generated Fl-modules [CEF, Proposition 2.3.4], [CEFN, Defini¬ 
tion 2.1]). Let V be an Fl-module. We say that V is finitely generated if there exists a 
surjection 

d 

0M(mt]^V 

1—1 

for some integers mi ^ 0. We say that V is generated in degree ^ m if there exists a 
surjection 

H: M(mi) -» V with all mi ^ m. 

iei 

Here the sum may be infinite. The data of the integers mi, i e I is the degree structure of 
n and maxigi is the degree of TT. < 

We need the following Noetherian property of finitely generated Fl-modules. 

Theorem 1.5 (Noetherian property [CEFN, Theorem A]). /fV is a finitely-generated Fl- 
module over a Noetherian ring K, andW is a sub-f\-module ofV, then W is finitely generated. 

The positive shift functors were used extensively to prove the above Noetherian property. 
Shift functors are essential for our purpose as well. 

Definition 1.6 (Positive shift functor S+q [CEFN, Definition 2.8]). Given an Fl-module V 
and an integer a ^ 1, the functor §+□: FI-Mod -> FI-Mod is defined by 

(S+aV]s:=Vsu[a] 

It follows that as a ]K[GrL]-module S+aVn = Vn+a Since kernels and cokernels are 

computed pointwise, S+a is an exact functor. Also note that there is a natural isomorphism 

S+(Q+b)V = S+aS+bV. < 


6 


Definition 1.7. The natural inclusion S ^ S U [a] is a morphism in the category FI, which 
induces a map Xa(V) : V —)■ S+aV of Fl-modules. The torsion submodule of V denoted 
T(V) is a sub-FI-module of V given by: 

T(V) = IJ kerXJV). 

a^O 

Working over a Noetherian ring K, T(V] is finitely generated by Theorem 1.5 and hence for 
each a ^ 0, (Xa(V)]ri is injective for large enough n (see [CEFN, Lemma 2.15] for more 
details). < 

In some fortunate situations we can define a meaningful map in the opposite direction; 
S+aV —)■ V. An example where this holds is when V is free, which can be seen from the 
following lemma. 

Lemma 1.8 ([CEFN, Proposition 2.12]). For any a ^ 0 and any d. ^ 0, there is a natural 
decomposition 

S+aM(d) = M(d)©Qa (2) 

where Qa is a free f\-module finitely generated in degree < d — 1. In particular, ifV is a free 
f\-module then V is a direct summand of S+^V. 

Remark 1.9. When a = 1 we have S+iM(m) = M.(m) © M(m— 1)®™. The decomposition 
of S+aM('tTL) can be computed using the case a = 1 and the natural isomorphism S+(Q+b)V = 
S+aS+bV. We generalize the above decomposition in Lemma 2.2 which shows in particular 
that if V is an FI }j-module and a ^ 0, then V is a direct summand of S+qV. < 

1.2 Introduction to jj-filtered Fl-modules 

In §2, we show that if V is a finitely generated Fl-module over a Noetherian ring IK then V 
is built out of Fl-modules of the form M.(W) which, by Remark 1.9 is a member of a strictly 
smaller category. To make it precise we need a couple of definitions. 

Definition 1.10 (j]-filtered Fl-modules). A j]-filtered Fl-module is a surjection 

d 

n : 0M(mi) ^ V 

i=l 

of Fl-modules such that the filtration 


0 = V° c C ... C = V 


given by 

r 

VW=n(0M(mi)), O^r^d 

i=l 
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has graded pieces of the form M(W), that is, the filtration satisfies where 

Wt- are some ]K[©m^J-modules. We call the filtration induced by TT, the |j-filtration of V. We 
use TT and V interchangeably if there is an obvious surjection giving V a jj-filtered Fl-module 
structure. 

We call d the length of the jj-filtration and the pair V := M(rai), a 

cover of V. The second coordinate Just keeps track of the order which yields the desired 
jj-filtration. We dispense with the second co-ordinate whenever it is clear from the context 
and identify the cover with the first co-ordinate. <1 

The above definition implies that there are surjections if : M(mr) ^ MJWr) and hence 
each Wt is a singly generated K[6Tar]"^odule. But this is just a matter of convenience (see 
Lemma 2.2). Note that NOT every finitely generated Fl-module admits a jj-filtration. But if 
a finitely generated Fl-module V admits a filtration 

0 = V° c C ... C = V 


satisfying = M(Wt-) where are some '*^hen V admits a jj-filtered 

Fl-module structure. The definition of a jj-filtered Fl-module Just contains extra data of a 
cover (this extra data is useful in producing bounds on the period of the cohomology groups). 

Definition 1.11. Let TT^ : 0fLi M.(mt) —)■ V and TT^ : 0^1^ M.(rLic) —)■ W be jj-filtered 
Fl-modules. An Fl-module map 4> : V —)■ W is called sequential if there are subsets S C [di], 
T c [d 2 ] and an isomorphism f (]3 : S —> T such that riic = for each k G T and the 

map of covers $ : 0fj,i Mjmi) — 0jLi M(nk) given by 


($n(L))k = 


0 , 


if kG T 
otherwise 


determines cj). In other words, if T G Vn and L = (LtJi^t^di G 0f^i M(m0n is any lift of I 
(that is, TTjrjL) = 1) then $n(l-) is a lift of cj^jT). < 

The following theorem is proven in §2. 

Theorem A (A jj-filtered resolution of a finitely generated Fl-module). Let V be a finitely 
generated fl-module over a Noetherian ring K and is generated in degree D, that is, V admits 
a surjection 

d 

H: V:=0M(mi) ^ V 

i=l 

with TTLi ^ D for each i. Then, 

(A) for large enough a, S+qV is ^-filtered; 
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0 





> ... 


0 


kN-1 


n'' 


> . . . ^ JN -> 0 


0 0 0 0 


Figure 1 

(B) there exists a commutative diagram (Figure 1) with the columns and the first row exact 
and the second row exact in high enough degree (say C), that is, the seguence 

0 ^ ^ ^ ^ ^ ^ 0 

is exact ifn ^ C. Flere for each 0 ^ 1 ^ N, J’- /'s a ^-filtered f\-module with cover 
TT’- : J’- — )■ J'- and for each 0 ^ i ^ N — 1, the map (()'• is seguential (seguentialness is 
witnessed by Moreover, N ^ D and y is generated in degree at most D — i. 

Remark 1.12. If W is a projective ]K[6Ta]-module, then M(W) is a projective Fl-module 
(see [CEF, Remark 2.2.A] or [We]). This implies that if IK is a field of characteristic 0 or 
of characteristic > D then each y in Theorem A is a direct sum of Fl-modules of the form 
M.(W). Thus [CEF, Theorem 1.13], which shows that a finitely generated Fl-module is 
uniformly representation stable in the sense of [CF], follows from Theorem A because by 
Pieri’s rule Fl-modules of the form M(W) are uniformly representation stable. < 

Remark 1.13. Over a field of characteristic 0, Sam and Snowden showed in [SS] that Fl- 
modules of the form M.(W) are injective in the category of finitely generated Fl-modules and 
that every finitely generated Fl-module admits a finite injective resolution. 

Example 3.35 shows that in positive characteristic, there are |j-filtered Fl-modules which 
are not NOT direct sums of M(W)’s. Unlike the category of ]K[©m^]-modules, projective 
objects in FI-Mod may not be injective. We believe that the category of finitely generated 
Fl-modules over a field of positive characteristic does not have enough injectives. < 

Remark 1.14. We believe that it is possible to obtain a good bound on the constant C 
in Theorem A via upcoming works of Church and Ellenberg ([ChEI]) and that of Ramos 
([Ram]). < 

Note that when IK is a field and W is a IK[©Ta]-niodule, then dimK = (n^m) diniK W 

is an integer valued polynomial in n. It is proven in [CEFN, Theorem B] that for a finitely 
generated Fl-module V, dimjcVn is eventually a polynomial in n. Theorem A immediately 
yields a strengthening of this result. 
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Theorem 1.15 (Polynomiality). Suppose K is a Noetherian ring. Let V be a finitely- 
generated f\-module over K. Then there exist finitely many integer-valued polynomials 
Pi(T) G Q[T] and nontrivial K-modules Wt so that for all sufficiently large n, 

[VJ Pi (n)[Wt] 

t 

in the Grothendieck group Ko(]K) ofK. 

Definition 1.16. For a finitely generated Fl-module V over a Noetherian ring K, we define 
X(V) to be the smallest nonnegative integer c such that for each of the finitely many poly¬ 
nomials Pi(T) in Theorem 1.15 the degree of Pt(T) ^ c. When K is a field, x(V) is equal to 
the degree of the polynomial P(T) which satisfies dimK Vn = P(rL) for large enough n. 

We define Dy to be the least number c such that V is generated in degree ^ c. < 

Remark 1.17. Note that for a finitely generated Fl-module V, we have Dy ^ X(V). For a 
}j-filtered Fl-module J the equality holds: Dj = x(J)- Moreover, Theorem A and its proof 
(see §2) implies that x(V) = x(J°) that J'- are generated in degree ^ x(M) — i. < 

1.3 Statements of the main theorems for jj-filtered Fl-modules 

The goal of §1.3 is to state Theorem B, which is the special case of our main theorem where 
V is a jj-filtered Fl-module. In order to state the theorem, we need to set up some preliminary 
notations and definitions. 

For any n ^ 0, let be the free abelian group on ©n acting diagonally. 

Then 13,(©^i) —)■ Z —0 is the bar resolution of ©^ where the differential 9t : 13t-i(©n) 
®t(©n) is given by 

t 

9t(o-o, CTi_fft) = ^(o-Q, CTi_ &i _CTt). 

i=0 

We allow t to equal —1 and define 13_i(©Tt) to be the trivial K[©Tt]-module. We assume 
that IK is a field of characteristic p and fix a jj-filtered Fl-module TT : V := M(mi) —)■ V 
over IK of length d. Let 

0 = V° C C ... C = V 

be the jj-filtration induced by FT. For each 1 ^ r ^ d, the map TT’’: := M.(mt) ^ 

obtained by restricting TT to 0[^i M(mi) is a cover of and gives V’* a jj-filtered Fl-module 
structure. Let D = maxi£[ci] rat be the degree of TT. 

Remark 1.18. Recall that the definition of a jj-filtered Fl-module TT : V := 0f^i M(mi) ^ V 
contains the data of the d-tuple (mi,..., ma). Hence TT gives rise to the ((-filtered Fl-modules 
TT’’ for 1 ^ r ^ d as above in a unique way. <1 


10 



With these notations, we have the following definition. 
Definition 1.19. Let G Homen(®t+i(©n). V,^)- We call 

rGHomeJBt(©n),V;) 


a twisted z’^-cycle if 

ro3t+i = n;oz\ 

We say that two twisted z’'-cycles and are equivalent if —12 is a boundary (classical 
coboundary) in the usual sense, that is, there exists a b G Home^(!Bt-i(©n). V))) such that 


= n; o b o a^. 


This defines an equivalence relation = on twisted z’'-cycles. We denote the set formed by 
these equivalence classes by Vn) and the equivalence class of F by [V]. Note that 

when z^ = 0, := is the classical cohomology group and for any z’*, 

V;) is a V;;)-torsor. < 

Since the data of z’’ is contained in the data of a twisted z^-cycle, the above definition is 
NOT independent of the cover. The nice lift construction that we describe in §3.2 depends 
on this fact. 

In Definition 3.17, we describe periodic elements of Home^lSt+ilOn). V)() where a pe¬ 
riod is a r-length sequence of nonnegative which keeps track of periodicity in each of the 
r component (recall = 0[^i M(mi,)). To be able to state the main theorem for |j- 
filtered Fl-modules we need certain maps on d, length sequences which depend on the tuple 
m = (tui, m 2 ,..., md) appearing in the cover of V^. We first define the operator AH. 


AH(bi,b2) 


Vp((bi -b2)!) + 1, 

0 , 


if bi > b2 
otherwise. 


( 3 ) 


Definition 1.20. Suppose TT : V := M(mi) —)■ V be a |j-filtered Fl-module. Recall that 
the d-tuple rd = (mi, m 2 ,..., ma) is a part of the data of the cover V. Let G 

Z|q be a sequence of nonnegative integers. We define integers for i G [r], r < d 
recursively by 




max(H’"’', + AH(mr, mi)), if mr ^ mi 

otherwise 


( 4 ) 


This recursive definition clearly depends on rd but we have suppressed the dependence here 
for clarity. We define the operators Df, : Z|q —)■ Z^q, Dn : 3n : —)■ Z^o 
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given by 


2)f,((H''‘')Ki^d) 


(5) 


:= (H"'")i^i^d, and 

(6) 


;= max (H^'^ + AH(Tai,0)), 

(7) 


We may replace the subscript TT by V when a jj-filtered structure on V is clear (or equivalently 
when m is clear from the context), or remove the subscript altogether when it is clear which 
jj-filtered Fl-module is under discussion. < 

Example 1.21. Suppose TT: M(0) © M.(m) —)■ V be a j)-filtered Fl-module of length d, = 2 
(see Example 3.35). Then 2)^((0, 0)) = (0,0), D(/((0, 0)) = AH(m, 0), Dv((0, 0)) = 
(AH(m, 0), 0) and 0v((0, 0)) = AH(m, 0). 

We also need the following map to state our theorem. 

Definition 1.22 (The map R). Let U be an FI j)-module. By Lemma 2.2 in §2, U admits a 
natural projection Aa : S+qU —> U which induces a map 

Home,,_JSt(6n-a),S+aU^-a) Flome,,_JSt(<Sn-a), U^-a). 

Also we have the natural restriction map 


Flome,,(®t(6n), Un) Flome,_, 


(®t(©TL-a). S+aU-n-a)- 


Let 

: Flom6,(®t(<Sn), Un) Flome,,_,(®t(©n-a), U^-a) 

be the composition of these two maps. We allow ourself to shed some of the subscripts and 
superscripts when there is no risk of confusion. < 

Remark 1.23. For a general Fl-module, there is no analog of the map Aq (as in Defini¬ 
tion 1.22). In fact, [CEF, Theorem 4.1.5] implies that if there is a natural map A^: S+qV —)■ V 
for each a then V must admit a FI jj-structure. < 

Remark 1.24. Let TT^ : 0fLi Mjmi) —)■ V and TT^ : 0^Li M(rLi<) -» W be jj-filtered Fl- 
modules. And let cj) : V —)■ W be a sequential map (see Definition 1.11). Then Rt commutes 
with the corresponding map of covers $rL. that is, if L G Home,^(®t(©n). 0fAi M.(mi)n) 
then we have 

Rt($n O L) = $n-Q o Rt(L). < 

With the notations of Definition 1.19, we show in Claim 3.25, that the map 




t,Vd 




it,Rt+i(z‘*) 


(©n-a,V, 


( 8 ) 
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given by [l*^] i-)- [TT{^_q o Rt(l‘^)] (here is any "nice lift" of 1“^ as defined in §3.2) is well- 
defined if a is divisible by a sufficiently large power of p. We now state the main theorem for 
}j-filtered Fl-modules. 

Theorem B (The main theorem for }j-filtered Fl-modules). LetU^ : := M(mt) ^ 

be a ^-filtered f\-module of length d. as in Definition 1.19 and let D = maxi£[(i] mt. Let 
SQ be the sequence of length d consisting of zeros, /f pW‘i°®vd(SQ) | ^ ^ ^ 

2(t -|- d — 1) -F D, then 




Tt,a,0 

t.yd 


:HM6n,V^)^HM6n-a,V^ 


is an Isomorphism. 

We also extend Theorem B to Vn)Torsors. 

Theorem C (Periodicity of torsors). Let SQ G Z|o ^nd let be SQ-periodic (periodicity 
is defined later in Definition 3.17). /f pWd°®vdTQ) | ^ _ q ^ 2(t + d — 1) + D, then 


ajn,a,z“ 

VT-t.yd 




it.Rt+i(z“ 


'(©n-a,V, 


is an isomorphism (as sets) provided V^) is nonempty. 

In Lemma 3.33, we give bounds on the period depending only on the degree D and 
the periodicity of z*^. In particular, such a bound on the period in Theorem B is p™. In 
example 3.35 we show that the smallest period for the cohomology groups of a jj-filtered 
Fl-module of length 2 could be an arbitrarily large power of p. 


1.4 Statements of the main theorem and its generalizations 

We keep the assumption that IK is a field of positive characteristic. 

Let V be a finitely generated Fl-module over IK generated in degree ^ D. By Theorem A, 
there exists a resolution 


of V with ji-filtered Fl-modules J’-, which is exact in high enough degree; say n > C. Let 
4)^ : —)■ and l : V —)■ J° be the maps given by the exact sequence above. Note that by 

Theorem A, the maps are sequential. For each n > 0, let E*'*(n) be a double complex 
spectral sequence supported in columns 0 < x ^ N, with the following data on page 0: 

E"'y(n) = HomeJ®y(©n),J()), (E) 

: E’‘'^(rL] —)■ induced by 4)^^ and, 

: E’‘'^(n) —)■ induced by 9y+i. 
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In §3.7, we analyze the spectral sequence (E) and define maps 

a):tE^y(n)^tEr(Ti-a] 

where is the K-vector space at the position (x, tj) of the page oo of the vertically 

oriented spectral sequence (where we take the homology with respect to vertical maps to get 
the first page) as above. This leads us to our main theorem for finitely generated Fl-modules. 

Theorem D (The main theorem for finitely generated Fl-modules). Let V be a finitely 
generated f\-module generated in degree ^ D. Then for n > C, Vtt,) admits a 

filtration of length N + 1 with (tF^^(rL))x+y=t,o^x^N 3S graded pieces (here N ^ D and 
C are constants as in Theorem A). And there are constants and SD,^ such that if 
I a and n — a ^ max{SD^, C} then the map 93^^ (n, a) : |E^^(rL) —)■ .|.E^^(n — a) Is 
an isomorphism. In particular, dim Vn) is eventually periodic in n with period . 

We provide an algorithm to calculate the stable range SD^ and the period p*^” (see 
Remark 3.36). Lemma 3.37 provides the following estimates: 

^ min{(t + 3)D, max{2D, D(D + l)/2}}, 

SD^ ^ 2(t + max dx — 1) + D. 

X 

where dx is the length of the ji-filtered Fl-module By Remark 1.17, we can replace D in 
the bounds above by x(^) (I'ecall that x(^] ^ D). 

At the expense of increasing the period slightly, we construct isomorphism H^(©n. Vn) 
H^(6n-a. Vn-a) in Theorem 3.41 preserving the filtration as in the Theorem D. 

In §3.8, we generalize our main theorem to a complex of finitely generated Fl-module. 
Consider an arbitrary complex of finitely generated Fl-modules 

0 -» V° -t ^ ... ^ ^ ... 

with differential 6. For each n > 0, define a double complex spectral sequences E*’*(n) with 
the following data on page 0: 

E’‘'^(n) = HomeJ®y(6n),V^), (E) 

^d’‘'^(n) : E’‘'^(rL) —)■ induced by 8^ and, 

^d’‘'^(rL) : E’‘'y(rL) —)■ induced by 9y+i. 

We deduce the generalization to the main theorem by analyzing the spectral sequence (E). 
Theorem E (Periodicity of the cohomology of the Fl-complexes). Let V* he a complex 
of finitely generated fl-modules and E*'* he the corresponding spectral seguence as defined 
above. Let r G N U {oo}. Then, /’f p^^'^ | a and n — a > max(SD^'^, C’^'^) then the map 
a) : tE){'^(rL) —)■ ^E){’^(rL— a) Is an isomorphism. 
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Equations 28 and 29 (that are stated in §3.8) provide a recursive way to calculate the 
period and the stable range max(SD^’^, Remark 3.44 gives an estimate on these 

quantities. The full strength of this theorem is used for the application to configuration 
spaces. Also, see some of the interesting consequences (Corollary 3.45 and Corollary 3.46) 
of Theorem E. 

1.5 Statements of the results on unordered configuration spaces 

Let M be a manifold. As noted in [CEE, §6] or [CEFN, §4], the configuration space of 
M is a co-f\-space, that is, a contravariant functor from FI to topological spaces: For any 
finite set S, let Confs(M) denote the space lnj(S,M) of injections S ^ M. An inclusion 
f: S ^ T induces a restriction map f* : ConfjlM) Confs(M) giving Conf(M) a co-FI- 
space structure. 

When S = [n], the space of injections [n] ^ M can be identified with the classical 
configuration space Conf^vlM) of ordered n-tuples of distinct points in M: 

Confn(M) := {(Pi, P2.Pn) e 3VE" | Pi ^ Pj} 

Since cohomology is contravariant, the functor taking S to fT^(Confs(M), IK) is an Fl- 
module H^(Conf(M), K) over K. Under certain mild conditions on M, this Fl-module is 
finitely generated. 

Theorem 1.25 ([CEFN, Theorem E]). Let K be a Noetherian ring, and let M be a connected 
orientable manifold of dimension ^ 2 with the homotopy type of a finite C\N complex (e.g. 
M compact). Then, for any m ^ 0, the f\-module >T^(Conf(M), IK) is finitely generated. 

The classical configuration space of unordered n-tuples of distinct points in M is defined 
as: 

conf^(M) := {(Pi, P2.Pn) G | Pi ^ Pj}/ 6 n. 

In the past, there have been several investigations on the stability of the cohomology groups 
H^(confn(M), IK) but all of them required either as assumption on the manifold M (restricting 
to an open or a punctured manifold or an odd-dimensional manifold), or an assumption on the 
characteristic of the field IK (restricting to F 2 or a field of characteristic 0), or an assumption 
on the boundary (restricting to manifolds with nonempty boundary); see - [BCT], [Nap], 
[Ch], [RW], [McD], [Se], [KJj. For a more complete history of the subject, see [Fa]. 

In this paper, we assume that the manifold satisfy the mild assumptions from Theo¬ 
rem 1.25 and we allow the field to be of arbitrary positive characteristic. In particular, our 
result is new when the manifold is even-dimensional and the field is different from F 2 and 
unique in the sense that we show periodicity and not stability (see Remark 1.27). Our method 
is similar in spirit to Church's method in [Ch] (which we later updated in [CEF] and [CEFN]) 
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but we have to deal with nonexactness of the functor ■) and that forces us to make 

use of the full strength of Theorem E. Now we state our result. 

Theorem F (Periodicity of cohomology of unordered configuration spaces). Let K be a 

field of characteristic p > 0 and let M satisfies the hypothesis of Theorem 1.25. There exist 
constants SD^ and such that 


dimK H*(confTT,(M), IK) = dimKH^(confrL-Q(M), IK) 


whenever \ a and n— a ^ max(Sb^, C^). (See (30), (31)and (32) for the definitions 
of the constants SD,^ and O'.) 

Remark 4.1 in §4 implies that above can be taken to be (t + 3)(2t + 2). 

Remark 1.26. Recent work of Cantero and Palmer ([CaPa, Corollary E]) implies that if p is 
an odd prime and the Euler characteristic x(^) of ^ is nonzero then, H*(confn(M), IK) is 
eventually periodic with period p''p(x(M))+i vvhere Vp(—) is the p-adic valuation. Note that 
our results give bounds that are independent of x(IM) but depend only on t. < 

Remark 1.27. The easiest example where period is not 1 is the 2-sphere, where we have [Bi, 
Theorem 1.11]: 

Hi(confT^(Sb,Z) =Z/(2n-2)Z 
and by the universal coefficient theorem 


Hbconf^(Sb,Z/pZ) 


Z/pZ, if p I 2n — 2 
0, otherwise 


Thus when p ^ 2, the smallest period is p. 


< 


2 Theory of J-filtered Fl-modules over Noetherian rings 

The aim of this section is to prove Theorem A and see some of its immediate consequences. 
Except in Lemma 2.2, which holds over a general commutative ring, IK is assumed to be a 
Noetherian ring throughout §2. 

Definition 2.1 (The set ^ and the coset representatives Pf). For m ^ n, let be 

the set of subsets of [n] of size m. ©n acts naturally on Dn^.n- For each f G Dm„n. we have 
a unique element yf G ©n such that yf|[Ta]. yfl[n]\[rn,] are order preserving and yf([m]) = f. 
Then IK[©n] = 0fgD^^IK[©^ x ©n-m]y7^ as a IK[©tt^ x ©n-ml-module. 

We do not distinguish ^ fi'om the set of order preserving injections f : [m] ^ [n]. We 
adopt the conventions f(0) := 0 and f(m + 1) := n + 1. < 

The definition above is used extensively only in section §3 but we give it here because of 
its use in the following lemma. 
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Lemma 2.2. Let m ^ 0 and W be a K[&^]-module over a commutative ring K. Then the 
following hold: 

1. Let 

0 ^ ^ M(W) ^ ^ 0 

be an exact sequence off\-modules with generated in degree m. Then and 
are FI ‘^-modules. More precisely, 

U^ = M(Uj^), fori €{1,2}. 


2 . 

S+iM(W) - M(W) © W). 

3. IfW is finitely generated as a K[&rri\-i^odule, then for any a, S+qM(W) is ^-filtered 
with M(W) as a direct summand. 


Proof. 1. Proof follows from the exactness of Ind}}. 


2. It is enough to show that 




WBIK = (lnd|" WBlK)e(lnds„_.,e 


j6r 


(Res|-_^W)KK). 


m—1 ^ '^n—m+1 


Any element of the module on left may be written uniquely as 
y~ Yf © Qf, Qf G W for each f G D 


m,Tt+l ■ 


feD 


m,n+l 


Note that = DTTL_nl-l(DTn„n+i\DTa,n] and DTTL_n+i\Dra,Tt is naturally isomorphic 

to Dra-i.n- This induces the decompostion 

y~ Tf © Qf = ^ Yf © Qf + ^ Yf © 

f£Drri,n+l fGD m.n feDn^_i,n 


finishing the proof. 


3. By the exactness of the shift functor and the natural isomorphism S+(Q+b) V = S+aS+bV, 
it is enough to show part 3 for the case a = 1. By part 2, it is enough to show that 
M.(W) is filtered. Now by exactness of Ind^ we are reduced to showing that W admits 
a filtration with graded pieces which are singly generated K[6TTL]-modules; which follows 
because W is finitely generated. □ 

Remark 2.3. The above lemma implies that the shift functor S+ preserves sequentialness 
(see Definition 1.11): if 6 : V ^ W is sequential and a ^ 0, then S+q 6 is sequential. < 
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Proof of Theorem A. We first show that S+qV is jj-filtered when a is large enough. Our 
proof is by induction on maxitai and the number of times maxtmi appears in the tuple 
(mi,..., md). We will refer to this tuple as the degree structure of TT (see Definition 1.4). 
The base case is trivial because if maxt mi = 0 and 0 appears only once in the degree structure 
of n, then for large enough a, S+aV is a torsion free Fl-module singly generated in degree 
0; and such an Fl-module must be either 0 or M.(0). 

By Lemma 1.8, S+aV = 0f=i(M(mi] 0 Qi,a) where Qi,a = 0j!ii and mij < 

mi for each j. We pick an i so that mi is maximum. The natural projection S+qV ^ 
M(mi) induces the following natural commutative diagram (Figure 2) with exact rows and 
columns. Here n“ is the restriction of S+qTT to U^. The K-modules (ker c ]K[©Tai] 


0 

0 


-4 U“ 


n“ 

•4^ 

- 


-^S + aV 


S-l-aTT 

S + aV - 


-4 )Vl(mi) 


0 




0 


0 0 0 


Figure 2 

are increasing in a and hence must stabilizes for a large enough (see Proof of Theorem A in 
[CEFN] for a proof that these modules are increasing). Fixing such an a, kercpa is generated 
in degree mt and hence by part 1 of Lemma 2.2, is of the form M.(W) for some quotient 
W of ]K[©rn,J- So we have an exact sequence: 

0 ^ ^ S+aV ^ M(W) -> 0 

with the cardinality of mi in the degree structure of TT^ one less than the cardinality of mi 
in the degree structure of TT (or S+aTT). Hence by induction, S+bU*^ is j)-filtered for large 
enough b. Shifting the exact sequence above by b yields: 

0 S+bU^ —>■ S_i_(Q+b]^ S+bM(W) —> 0. 

By part 3 of Lemma 2.2, S+bM(W) is j)-filtered and hence S+aV is [(-filtered for a large, 
completing the first part of the proof. For the second part we fix such an a and proceed as 
follows. 

Let Q be the cokernel of the map l := Xa(V) (Definition 1.7). Then we have a com¬ 
mutative diagram (Figure 3) with exact columns, exact first row and the second row exact 
in large enough degree; say Ci. Recall, from Definition 1.7, that the failure of exactness in 
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0 0 0 


Figure 3 

certain finitely many degrees is coming from the torsion submodule of V (which vanishes in 
high enough degree). It follows from Lemma 1.8 that Q is generated in degree < D. By 
induction on degree, the theorem is true for E: Q ^ Q, that is, we have a commutative 
diagram as in Figure 4 which satisfies the assertions of theorem. 



0 0 0 0 0 


Figure 4 

The theorem for T7 : V —> V then follows by concatenating the two diagrams (Figure 3 
and 4), setting J° := S+qV, J’- ;= := for i > 0 and noting that := l' o 4)' is 

sequential. □ 

Remark 2.4. The proof of Theorem A shows that a resolution with j)-filtered Fl-modules can 
be constructed for complexes of Fl-modules (in §3.8, we will need a version of Theorem A 
for complexes of finitely generated Fl-modules). Consider an arbitrary complex 

0 ^ V° ^ ^ ... ^ ^ ... 

of finitely generated Fl-modules with differential 5 and assume that = 0 for x > N. 

Note that we may construct free finitely generated Fl-modules and surjections Ff^ : 

—)■ such that the diagram in Figure 5 commutes. Moreover, the maps P may be 

assumed to be sequential: by induction on x pick finite generating set of containing 
the image These G’^ define and make sequential. Let be generated 
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0 0 0 


Figure 5 

in degree D^. Unlike Theorem A, we may not assume that is the smallest so that is 
generated in degree ^ D^. But, if D is large enough so that each is generated in degree 
^ D then we may assume that ^ D for each 0 ^ x ^ N. 

The shift functor preserves the sequentialness. Hence by applying the construction in 
Theorem A simultaneously for each x (that is, choosing a large enough so that for each x, 
S+qV^ is jj-filtered and repeating the process with Q* := ), we obtain resolutions 

0 ^ V" ^ ^ ^ ^ ^ 0 

exact in high enough degree (say n ^ Cx) making the diagram in Figure 6 commutes and 
such that the maps 0 ^ ^ Nx, 0 ^ x ^ N are sequential. 



0 0 0 


Figure 6 

As in Theorem A, the maps jy+i.x^ O^y^Nx — lO^x^N given by 

the diagram above are sequential, Nx ^ Dx and is generated in degree ^ D^ — y. We 
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also have the corresponding diagram (Figure 7) on covers with exact columns and sequential 
rows. < 




0 -^ J °'2 


0-^ V° V' V2 


Figure 7 


Proposition 2.5. Assume that K is a field with positive characteristic and V be a finitely 
generated f\-module. Then, 


lim sup dim V^) < oo. 

n—^oo 

Proof. As in the proof of Theorem A the sequence, 

0 ^ V ^ S+aV-> Q ^ 0 

is exact in high enough degree, S+aV is jj-filtered and Q is generated in lower degree. Hence 
by induction on the degree, it is enough to show the result for jj-filtered Fl-modules. By 
induction on the length of the jj-filtration, it is enough to show the result for V = M.(W), 
where W is a finitely generated ]K[6TTT^]-module. By the Shapiro's lemma and the Kunneth 
formula we have, 

a+b=t 

Now it is proved in [Nak] that IK) if n > 2b. Hence dim H^(©rL-m. IK) 

is bounded in n, completing the proof. □ 
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3 Periodicity of invariants 

In this section we prove our main results on the periodicity of the cohomology groups 
H*(6n, Vn) for a finitely generated Fl-module V. By Theorem A, V admits a resolution with 
}j-filtered Fl-module. So we can expect that a spectral sequence argument should reduce the 
problem to showing the periodicity when V is a |j-filtered Fl-module. This is discussed in detail 
in §1.4. With the notations of the aforementioned section, let I G Hom]K[6n](®t(©n). Vn) 
be a zero cycle (a classical cocycle) then it admits "a nice lift" I G Hom]K[en](®t(®n). V)J) 
that is "periodic". §3.2 provides the nice lift construction, §3.3 defines "periodic" and §3.4 
proves that "a nice lift" is "periodic". 

Our main technical result is the following: if I G HomK[6n]l®t(On). V^) is "periodic" and 
o T = 0 then o = 0 (see Definition 1.22) as long as a is divisible by a high 

enough power of p. This is proved in Claim 3.23 of §3.4. 

§3.5 and 3.6 use the technical result above to show periodicity of the cohomology groups 
H*(6n. V^) for a |j-filtered Fl-module §3.7 contains a spectral sequence argument that 
proves our main theorem for finitely generated Fl-modules and §3.8 contains its generalization 
to complex of finitely generated Fl-modules. 

Throughout K is assumed to be a field of characteristic p. We start with some preliminary 
definitions and notations. 

3.1 Preliminaries 

Let !B(6rL), —)■ Z —)■ 0 be the bar resolution of over IK and for m ^ n, ^ and yf be 
as in Definition 2.1. 

Definition 3.1 (The trace maps tr and Tr). We have a ]K[©TT^x©TT,-m]-niodule isomorphism 
IK[©n] = 0fgD^^]K[©TT^ X 6n-m]y7^- The map 

tr"^ : K[©n] ^ X ©n-m) 

is the ]K[©ttl X ©rL-Tn,]-niodule homomorphism defined by yf^ i-)- 1, f G 0,^1 n- It induces the 
natural ]K[©Tn, x ©n-ml-module homomorphism 

Trr:®t(©n)^lBt(©^x©^_^) 

defined by (oq, Oi_cTt) (tr^^loo), tr™)^!)_tr)7(o-t))- < 

We denote the natural inclusion lBt(©Tn, x ©Tt-m) !Bt(©Tt) by lT-- Now note that 
we have a commutative ladder as in Figure 8 that extends the identity map id : Z —)■ Z. 
This implies that there is a commutative ladder with id™— l™ oTr™ as vertical maps, that 
extend the zero map 0 : Z —)■ Z. Thus there exist ©t^l x ©n-m-oquivariant homotopy maps 
h,™: !Bt(©Tt) — t lBt+i(©n), t ^ — 1 satisfying id™ — i™ o Tr™ = h,™ i o 9t + 9t+i o H™. 
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. . . -> ®l(6n) -> ®0(©n) -^ Z -^ 0 

o Trj;^ 

. . . -> ®l(6n) -> ®o(©n) -^ Z -^ 0 

Figure 8 

Given cu : {0, 1,..., t + 1} ^ {0,1,..., t} and e : {0,1,..., t + 1} ^ {0, 1}, we define an 
©m X ©n-m-equivariant map Ht.cu.e : -> ®t+i(©n) by 

(cTo, CTi-(Tt) ^ (1) ]-(tr’^]"^^+^ncya,(t+i))] 

where (tr’^)^ is the identity map. The proof of the following lemma is classical and pointed 
out to us by Thomas Church. The homotopy map constructed in the proof is quite explicit 
but we still emphasize the description in terms of Ht.oj.e because it is useful in understanding 
the proof of Claim 3.19 later. 

Lemma 3.2. There are Wi, £i and Qi G K, 0 ^ 1 < t (all the quantities here are Independent 
ofn) such that ht = X[i=o 

Proof. One may check that 

t 

Ht(CTo, 0-1 _cTt) = ^(-l)’-(tr0o,tro-i_trci, at, Oi+i_cTt) 

i=0 

is an explicit description of the homotopy map. □ 

Remark 3.3. When we need to be more precise we add a subscript and write tr™, Tri[\, 
and These maps satisfy the following compatibility conditions: 

tr];Ta = tr™ |K[6n-a] 

TC-a=Tr- k(e_) 

V,m _ V,Tn. I 

^t.n-a - n-t.n bt(6n-a) 

H,n—a ^t,n l25t(©n-a) 

The following maps are essential to describe the nice lift construction. 

Definition 3.4 (The maps | and t). For any ]K[6TT^]-module W and ]K[©n.]-module P, we 
denote the natural restriction isomorphism Home^(P, M(W)n) = Horne^xen-mt^' 
with Ittl and its inverse (the adjunction) with tm- A concrete description of these maps 
is as follows: Recall that M(W)n = lnd|()^^Q^_^ W Kl K. Thus any element x G M(W)n 
may be written uniquely as Hf^On^nTf © Of, Of G W (here we identify WKIK with W for 
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convenience). This implies that any F G Homg^(P, has a unique description of the 

form F = XlfeDnin ® some maps Ff: P —)■ W. We define the map by 

F im:= F[m], for any F G Flome^lP, M(W)n). 


We also have a relation Ff(p) = F[TT^](yf for each f G that let us recover F from 

F Ira- The map tm is therefore given by 


Y- for any H G Horne^xen-m^P'^)- 

f GDra.n 


When we need to be more precise we add superscripts and write 1))^ and tm- <1 


Definition 3.5 (The transfer map T). Let V be an Fl-module and m ^ n. We define the 
natural ©n-oquivariant map 


-rV.Ta 

*n 


: M.(VTa)n Vn 


by 


Y Tf^Ofi-G Y f*(tif). 

fCD 

rrir.n fCD 

m,n 


This is the degree n piece of the natural map T^’™: M(VTa) ^ Vn of Fl-modules. 
particular when 0 ^ mi ^ mr < n the map 


In 


. M(M(mi)^Jn "> M(mi)n 


is given by 


^ (Tf® Y Tg®cif,g)'-t Y Y Tfog 0 Of.g. < 

feD 

mr,n geD feD 

tnr.n geD 

3.2 The nice lift construction 

As in §1.3, consider a |j-filtered Fl-module TT : V := M.(mi) —> V over IK of length d. 
Let 

0 = V° C C ... C = V 

be the j)-filtration induced by TT. For each 1 ^ r ^ d, the map TT’’: := M.(mt) —)■ 

obtained by restricting TT to 0[^i M.(mi) is a cover of V’’ and gives a jj-filtered Fl- 
module structure. Assume that = M(Wr) for some singly generated ]K[6rar]"^odule 
Wy. We have natural projection maps -» M(W,), pr" : 0tiM(mi) ^ M[mr), 

pr^^ : 0f^i M(mi) —0[^i M(mi) and if : M.(mr) —)■ M.(Wr). Henceforth T)^'^ stands for 
the transfer map (^see Definition 3.5). We have the following definition. 
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Definition 3.6. Fix an n ^ 0. Let e Flom©^(St+i(<3n). 0f=i iVl(Tn-i)n) and G 
Flom©^(!Bt(©n). V^) be a twisted z'^-cycle (see Definition 1.19). A nice lift of a twisted 
z'^-cycle is the data of an element 

FGHom6jSt(©n),V^) 

satisfying FFJ) o (the two elements are equal up to a coboundary) together with the 

data of the following quantities (see Figure 13) and compatibility conditions: 

1. twists z’’ G Flom©^(!Bt+i(6rL), 0i=i M(mi)n) for each r G [d — 1]; 

2. twisted z’'-cycles V G Hom©^(!Bt(6rL). for each r G [d— 1]; 

3. elements a’' G Flom©^^x6n-mr ^ ©n-mr). IK[6^J) for each r G [d] such that 

pr; or := (a’- o Tr^ +(pr; oz^ tm. (9) 

where F := pri^^ op (in the special case t = —1, P = 0); 

4. elements x’’ G Hom©^^x6n-mr ^ ^ 

T T T 

pr^^ox =w 

(see Figure 11) where := (pr^oF o — pr](oz’') Irar- We require x’' to satisfy 
the following compatibility condition: if e, := (ctoj, Oi j, 02, ,, ..., cft+ij) G St+ilSn). 
j G {1, 2}then 

x’'(ei)=x’'(e2) (10) 

whenever w’’(ei) =w’'(e2) and tr’^''(o'o,i] = 

5. elements y'' G Hom6^(!Bt+i(©n). V)() for each r G [d] obtained by composing x’' trar 
with = (T)^'^)i^i^r- This implies TT](o'y^ = 0 (see Step 3 in §3.2.1 and Figure 12). 
Since is the identity map we also have 

pr]; oy’' = w’’ pr; oF o dt+i - pr; oz; (11) 

6. elements o’" G Hom6^(!Bt(©n). 0iZi M.(mt]n) for each r G [d] such that 

(c’’o 0t+i(e), pr; oF o 9t+i(e)) — z^(e) = 0 mod kerU; (12) 

for any e G !Bt+i(©n] (in the special case t = —1, o’" = 0); 

7. F-i = n;-^ o cA 

8. z^“^ 'c^ + "c^ where 'c^ := prn^^~^^ oy’’ and "c^ prn^^~^^ oz’'. < 
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Every twisted cycle admits a nice lift. Before proving the existence of a nice lift, we record 
a relation between the parameters x’’ and in Definition 3.6 which will be used to prove the 
"periodicity" of the nice lift construction in §3.4. 

Lemma 3.7. Let e G !Bt+i(©n) snd i ^ r. We have, 

(prnO'y'" imj(e) = Y. C[)(yg^e) 

gCDrar.n 

[m-ilCg 

In particular, both the expressions vanish ifrrii > my 
Proof. By definition of the map ^ we have, 

tmj(e) = Y Tg ® (PC,°’^''(yg^e)) 

9€^mr,rL 

= Y Y yf ® ^PC,°’^Um[)(y7Vg^e)) 

geD 

mr,n fCD 

m^.mr 

and hence by applying the transfer map we obtain, 

(pri,o-y’')(e) = (pr^^ox’’ 

^ Y IL ygof® (pC,°^’'C;](y 7 Vg^e) ( 13 ) 

geD 

mr.n fCD 

The proof now follows by noting that the order preserving maps g and f satisfy g o f = [mi] 
if and only if f = [mi] and [mj C g. □ 

Next we describe how to construct a nice lift. This construction can be read after the 
proof of the main theorem in §3.7 

3.2.1 Construction of a nice lift of a twisted cycle 

We keep the notations of Definition 3.6. 

The construction is by downward induction on r. Assume that we have constructed 
a twist z’’ G Home,,(St+i(<SrL). 0Li )Vl(mi)n) and a z^'-cycle V G Home,,(®t(©n]. V;;). 
The following steps (Step 1-Step 4) construct the corresponding quantities for r — 1. The 
commutative diagram in Figure 9 summarizes the situation. 

Step 1. The first step of the construction is to analyze the projection o T of V. We start 
by post-composing the relation 
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®t+l(6n) 



Figure 9 


with o r) to obtain: 


o i^oTr-^ +(ii^;or) o H-^io3,+(xi;;or) o a.+ionr 


This breaks o l^) into three parts; the first factors through the trace map 
hence is "nice", the second is a boundary that we can get rid of while staying within 
the equivalence class and the third has a description in terms of because V o = 
o z^. Since the second term o F) o o 9-^ is a boundary, it follows that 
the extension o F) o h,™’'i o 9t) tmr is a boundary (because commutes 
with taking 9t). By projectivity of d3t-i(©n), ((i^n ° 1-^) imr ° 9t) tmr can be 

lifted to a boundary o 9^ g Hom6,r^®t(©n). V^) (see Figure 10). 





4.mr oHFi) tmr 

—^ 0 


Let 'T = F — b’’ o 9t. Clearly 'F = F and we have 

(^1^; o ('r)) tmr= (^1^; o r] tmr oC o Tr^^ +(l|;; o F) tmr o9t+l o hrc 
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Let a"' G Home^,xen-mrt®t(Sm, x be a lift of (ij;’'o T) oi^\ 

Then we have o ('r)) irar= '^mr ° ° Tr™" +(7tJ^ o pr]^ oz’*) oh™’'. We now 

define 

pr; or := (aW Tr^ +(pr; oz^ U. oh^O t™. ■ 

Note that in the special case t = —1, oF = 0. 

To complete the description of F we still need to define oF for 1 ^ i ^ r — 1. We 
do it by induction on r in the following steps. 

Step 2. We construct the parameters w’* and in this step. We define 

w’’ ;= (pri; oF o 3^+1 - pr]; oz^ . 

It is clear from Step 1 that maps to kerTt^^. Hence by projectivity of St+ilSn). 
we may find ©ra^ x ©n-mr-^duivariant map x’* : !Bt+i(©n] —t kerffr^ such that 
pr^W^^^ = w’’ (see Figure 11). 


kernr, '-^0LiM(mOm, 



®t+i(©n) > kerTt^^ ^^ 

Figure 11 

But for our proofs to go through, we require x^ to be a particularly nice choice of lift of 
w^. To make it precise, note that G :={(!, Ci, cr 2 . ■ ■ ■. Ct+i) : ffi G ©nVi G [t + 1]} is a 
basis of d3t+i(©Tt) as a free ©n-module. Hence yf^s, f G DTa,.,n. s G G forms a basis 
of !Bt+i(©n) as a free ©ra,. x ©n-mr-^odule. So by freeness of !Bt+i(©n). we may 
assume that x’'(y7^^Si) = x^(y72^S2) whenever w^(y7^Si) = w^(y7^S2), Si,S 2 G G. 
This allows us to say that if ej ;= (co.j. W,). cr 2 j,..., cft+ij) G d3t+i(©Tt). j ^ {1. 2} 
then 

x^ei) = xre2) 

whenever w^(ei) =='w’'(e 2 ) and tr™’'(ao,i) = tr™’'(o'o, 2 )- 

Step 3. By extending and then using the transfer we construct the parameter in this step. 

Note that x’' tm, maps to = 0[^i M(M(mi)TT^Jn- Composing x"" tm, 

with T)^'™’- = (T7'')i^i^r we obtain a map y^ : ®t+i(©n) = 0Li M(mi)n 

(see commutative diagram in Figure 12). We claim that y^ has its image contained in 
kerTTK C V)): note that by definition of transfer y^ (e) = i:geD,,„,,g*(x’'(yg'e)) for 
any e in !Bt+i(©rL) and the claim follows because x’' maps to kerTTTi 
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Home^,x6n-.^,(®t+l(©n), V;;,J 

Home,(®t+l(©n), M(V;;,Jn] Hom©^^x6n-mr ^®t+l(6n), M(TUr)mJ 

-[-V.tut _ \ / 

*n — v *Ti \ / 

~ Dr^ 

Hom6^(Bt+i(6n), V;) -—> Hom©„(St+i(©n), M(mr)n) 

Figure 12 

Since is the identity map we have 

pr; oy- = tm.= pr; or o a^+i - pr; oz’- 

Step 4. We define parameters "V , c^, 'c’^, and r“^ in this step completing the 

construction by induction (see Figure 13). By projectivity of d3t(©n). there is a lift 
"V : d3t(6n) —t 0i=i M(mi)n of 'r such that pr)i^o("r) = pr])oF. Thus we have 
"V — (c^, prj^or) where e Flom6^(St(©Tt). 0iZi M(mOn)- Since 'V is a z^ cycle, 
for any e G d3t+i(©n) we have, 

(c^ o 0t+i(e), prD or o 0t+i(e)) — z’'(e) = 0 mod kern]). 

Also, there exist 'o’*, "c^ G Hom6^(!Bt+i(©n). 0ir^ M.(mi)Tt) defined by 

z’- = (V, pr; oz") 

and 

y^ = (V,pr;oro0,+i-pr;ozr. 

It follows from the three equations above that 

c’’o 0t_^re) —' 0 ^( 6 ) — "c’^(e) = 0 mod kerTT)r^ 

Hence r“^ := o is a z^^^-cycle where ;= 'c^ + "c^. By induction on r 
there is a nice lift r“^ of r“^. We define F = (F“^, pr() oF). This completes the 
construction of a nice lift F of F. 

3.3 Combinatorial lemmas and the definition of periodicity 

The aim of §3.3 is to provide the definition of "periodicity" and the combinatorial motivation 
behind it. We start with some elementary definitions and lemmas. 
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Figure 13: This diagram does not commute. 

Definition 3.8 (The map (3). We define the map : ©n — t Dra.n by (3™(cr) = g if a can 

be written as a = H e x ©n-m g G In other words, 

(3’^(o-) = g a = Hyg^ g = a~^[m] tr’^(o-)“^o-= y"F <1 

Note that (3™ satisfies compatibility relation analogous to the one mentioned in Re¬ 
mark 3.3 and has the following properties: 

tr™(ab) = tr-(a)tr-(y-if^)b) (14) 

p-(ab)= b-H(3-(a)) = (3"^(ypi(,)b) (15) 

tr’^(cri) =tr’^(cr 2 ) : (3™(cri) —> (3^(cr2) is order preserving. (16) 

Lemma 3.9. Let 0 ^ txi ^ n 2 ^ ... ^ tll be a finite chain. Assume that n ^ til and 
consider subsets fqj G Dn^.n, 1 ^ q ^ L, j G {1, 2}. Let gqj = (3^‘'(riqj) where, 

q 

bqj = ^ 

t=l 

Then, 

1. For each 2 ^ q ^ L, 

9q —l,j — 9q,j ^ [”n.q — 1 ] C fq j 
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additionally, we have 


Tlq—i,j(9q.j \ 9q—i.j) — fq,j \ [i^q—i]- 


2. Assume that we have filtrations gij C 92 j C ... C for ] G {1, 2}. Augment these 
by defining goj := 0 and gL+i,j := H. Then, 

^ •— 'nL,2'nL,i : 9 l+i,i —> 91-+1,2 

is filtration preserving, that is, T(gq 1 ) = T^(gq, 2 ) for each L+1. The restrictions 

to the successive differences, t: gq,i\gq-i,i —)■ gq, 2 \ 9 q-i ,2 ore order preserving for 
each 1 ^ q ^ L + 1. And — (cxj, 6 j) G ©til ^ satisfy 

Sj=id6n-nL' fonG{l,2}. 

Moreover, the following are eguivalent. 

A. tr-4qL,i) =tr-4qL,2). 

B. The unigue order preserving bijection t' : gL,i —)■ gL ,2 preserves the filtration, that 
is, T'(gq,i) = gq ,2 for each l^q^L. 

C tr’^‘i(qq 1 ) =tr’^‘i(qq 2 ) for each 1 ^ q ^ L. 


Remark 3.10. We can imagine qL,j in the following way: assume that balls labeled 1 to n 
are arranged in the increasing order in a row (which we think of as the identity permutation) 
and that the balls with labels in gq j \ gq-i,j are of color Cq where 1 ^ q < (L + 1). This 
way each ball gets a unique color. Lift all the balls with color Ci and put them in the front 
(the leftmost position in the row) without changing the relative order of balls of color Ci. 
Now pick all the balls with color C 2 and put them just after all the balls of color Ci keeping 
the relative order of balls of color C 2 . Similarly repeat the steps for q = 3, ..., L. Now this 
defines a permutation which isriLj. 

If we repeat the steps of lifting and placing Just for the colors Ci to Cq, we get the 
permutation qqj. Also note that fq+i,j \ [riq] is the set of positions of balls of color Cq+i in 
the row we get after following the steps of lifting and placing for colors Ci to Cq. < 

Proof of Lemma 3.9. Part 1. By definition of (3, we have gqj =q^j['n.q]. This implies, 


9q-i,j ^ 9q,j 


Tlqiij[nq_l] Cg-^Uq] 
[nq_i] c gq_ij gq -[Uq] 
[riq-q] C . [Uq] 

[nq_l] C fq j 
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The second assertion is then immediate. 

Part 2. Note that 'n^j(['n-q]) = gqj- And by part 1, for each k > 0, we have [uq] C fq+kj 
which implies ■ [fi-q] —)■ [Uq] is the identity map. Thus, 

^(gq,l) = (^q,2yfq+l,2 ■ ■■yfL. 2 ) (yfi ■ ■ 

= (^q,2yfq+i,2 ■ ■ ■ yfL,2) (y7A ■ ■ ■ yiU (t^ql) 

= ■nq,2([^q]) 

= gq, 2 - 

Hence t preserves filtration. For the second assertion we first show that 5j = id. Note that it 
is equivalent to showing that riL.j : [n] \ gL,j [n] \ [tll] is order preserving. By equation 15, 
| 3 ’^'-(^y-i =y7j^.gL,j- Hence by induction on the length of the product 

riL,jyfi,j = 77^. ■ --yTl: [n] Xyfi’jgL.j ^ W \ [tll] 

is order preserving. The assertion now follows by noting that : [n] \ gL,j [n] gL,j 
is order preserving (which is true because fij = gij C gL,j)- 

Replacing L by q — 1, we see that riq-ij : [n] \ gq-i,j [n] \ [rLq_i] is order preserving. 
Using part 1, we deduce that 'nq_ij : gq j \ gq-i,j —)■ fqj \ ['rLq_i] is order preserving. Also, 
Tfq. : fqj\[rLq_i] —)■ [rLq]\[nq_i] is order preserving and is identity on [nq]\[nq_i] for 

k > 0. Now note that t = (riqii 2 yfq 2 ■ ■ ■yfL 2 ) (tFA ■ ■ -T^q^^q-i'i) '^hich, when restricted 
to gqj \ gq-i,j, is a composition of order preserving functions. Thus t is order preserving on 
gq.j \ gq-l.j- 

A B: By equation 16, t := tIl^iIl,! : gc.i —t gL ,2 is order preserving and we have 
already shown that t preserves filtration. 

B A: t' must agree with t because t preserves filtration and is order preserving on 
each successive difference. This implies that t is order preserving. Now note that 

= ygL,2‘^X^<^iygL\ : gc.i gL,2. 

It follows that : [til] —)■ [tll] is order preserving. Thus ocj^ai = id which shows that 

tr'^'-(ilL,i] = tr'^'-(ilL,2]- 

It is now immediate that A B C. □ 

Remark 3.11. Let tll ^ m ^ n. Keeping the notations and hypothesis of Lemma 3.9 above, 
for each j G {1, 2} we have two natural decompositions of the set 

D(n,n := {f e : f D [til]}. 

The first decomposition is given by 

n {f e :tr""(y7^TiL,j] = k}. 

KeSmX©n-m 
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Let P be the set of sequences (moc)i^cc<nL+i satisfying 


0 ^ mcc ^ gL,j(c>c) — 1) — 1. and ^ ma = m — tll. 

Then the second decomposition is given by 

Dm.n = ri ^ : |(3™(y7^gL,j) n (gL,j((x-1), gL.jltx))! = TTLcc, 1 ^ a ^ tll + 1} 

(Ta<x)en 

~ ri n ^ITLa.Tlaj 

(Taa)erj l^a^riL + l 

where riccj = |(gL,j((x. — 1), gL,j(a.))|. The equivalence A B in Lemma 3.9 implies 

that the two decompositions are essentially the same, that is, there is an injection Kj : P —)■ 
Sm X ©n-m such that the set 

{f e : ll3’^(y7^riL,j) n (gL,j(a- 1), gL,j(a))| = m«, 1 ^ a ^ ul + 1} 
is same as the set 

{f e : tr’^jyf^gL.j] = Kj((ma))} 

and {g G : tr’^(yg^gL,j) = k} is nonempty if and only if k is in the image of Kj. Note 

that the trace condition tr’^'-(-qj_ — tr^^i^i-j^ 2 ) implies that ki agrees with K 2 on n F^ and 

induces an isomorphism 

Ki = K 2 : F^ n F^ —)■ im F^ fi im F^. < 

Definition 3.12 (The equivalence relation on Dra.n)- Let u ^ 0 and let p, f 2 G Dra.n. 

we define the equivalence relation by p p if and only if f 1 n [n — a] = f 2 n [n — a] 

and fi(j) = ptj) mod u for j G [m]. Note that =p is a refinement of if U 2 | Ui. < 
The following two lemmas are essential in proving the "periodicity" of the nice lift con¬ 
struction. See the proofs of Claim 3.19 and Claim 3.24 for a Justification of the names 
assigned to them. 

Lemma 3.13 (First collision lemma). Assume n ^ a ^ 0 andu > 0. Let b G D^.n/ =a 
any equivalence class such that b ^ 0,^1 ^l-q- Then |5| = ^L^/uj-s+b^ some 0 < b p m 

and 0 p s ^ b. Moreover, /'f | a then s > 0 and, 

|6| = 0 mod p. 


Herevp{—) is the-p-adic valuation. 

Proof. We have a = [a/uju + t for some 0 p t p u — 1. By hypothesis, there exists 
a b > 0 such that for each f G 5 we have |f fi ([n] \ [n — a])| = b. Note that b has a 
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natural lexicographic order on it. Assume that f is the least element under this order and let 
o = maxf, that is, o = minggs max g. Note that o > n — a and by the division algorithm 

(s — l)u + t < o — (n — a) < su +1 


for some s ^ 0 (clearly we may assume s > 0 when t = 0). Minimality of f implies that 
s < b. Now note that | 6 | equals the number of nonnegative integer solutions (ki, k 2 ,..., k^] 
satisfying the inequality 

b 

(o — (n — a)) + ^ kqU ^ a. 

q = l 

It follows that |5| = second assertion now follows by noting that b > 

b — s > 0 and applying the classical result that (^) mod p is periodic in x with period 

pVp(b!) + p g 

Lemma 3.14 (Second collision lemma). Let 0 ^ rii < n 2 ^ ^ tt-l be a finite chain 

and n ^ m > tll. Let fqj, gqj, and pqj for 1 ^ q ^ L, j G {1,2} be as defined in 
Lemma 3.9. Assume that we have filtrations gi j C g 2 j C . .. C g^j for] G {1, 2} satisfying 
tr^'^(pL,i] = 3nd gL,i gL, 2 - Let 5 G Ldm.n/ =a be any equivalence class and k 

be any element of&rn x ©n-m- L)efine the sets 

rj( 6 , k) :={f G Drrv.rr ■ ^ 6 , tr’^lyf^PL.j) = K, [nj C f}, j G {1, 2}. 

/f I (^see equation 3) then, 

|ri( 6 , k]| = |r 2 ( 6 , k)| mod p. 


Proof Assume first that for each j, the set rj(6, k) is nonempty. As in Remark 3.11, the 
trace conditions tr’^(yg^PL,j) = k, j G {1,2} specify a sequence of numbers {mcc}i^oc^nL+i. 
independent of j, such that g satisfies tr’^(yg^Pi_,j) = k if and only if |(3’^(y7^PL,j)^(gL,j(o^— 
l), gL,j((x))| = TTLa, 1 ^ a ^ riL + 1. Let na.j be as in Remark 3.11 and define Qcc.j : 
= max{0, min{a — (n — gL,j (cx) + 1], TLcc,)}}. Then as in Remark 3.11, we have the natural 
decomposition 


Lj(b, k) — boc.j, where j G Dma.na,)/ —a, 

l^a^riL + l 


Since gL,i =a gL ,2 there exists 1 < ao < ul + 1 such that 6oc,j ^ or Ua,) = 0 

for each a > ocq and j G {1, 2}. If riccj = 0 or tUcc = 0, we define b^j 0 and Saj := 0. 
Hence by Lemma 3.13, we have 


r)(6,K)|= n 

ao<a^nL + l 


/{*!«,j/^J j T b(x 

V J 


(17) 
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for some bccj ^ TUa and Sccj as in the proof of Lemma 3.13. Again by gL,i 91 , 2 . it 
follows that bcc,j and are independent of j. Also aoc.i = acc ,2 rnod w and Scc,i = Soc ,2 
mod w/u. This implies 

[acc,j/uj -Scc.j +bcc,j = lcioc,j/u\ -Soc.j +boc,j mod 

To avoid dealing with the case when exactly one of rj(5, k) (say r 2 ( 6 , k)) is empty separately, 
we extend our observation that bcc.j and Scc.j, if exist, are independent of j and define bcc ,2 := 
bcc.i and Scc ,2 := Sa.i for each a. It is easy to see that with these conventions the equation 17 
is always valid when at least one of rj(5, k) is nonempty. 

The result now follows from the classical fact that (-J' ) mod p is periodic in x with 

' ^ <x,)' 

period p''pTa,j!)+i g^d noting that bocj ^ ma ^ m —txl. □ 

The following lemma together with the collision lemmas provide the motive behind the 
forthcoming definition of periodicity (Definition 3.17). 

Lemma 3.15. Let cr e ©tl-q ^ ©n 3nd Ui ^ n 2 ^ . .. ^ til be a finite chain. Let fq j, 
gqj, and pq^ for 1 ^ q ^ L, j G {1,2} be as defined in Lemma 3.9. Assume that we 
have filtrations gij C 92 j C ... C g^j for] G {1,2} satisfying tr^^j^pj^ — tr’^'-^-q^ 2 ) and 
gL 1 =]^ gL 2 . Consider arbitrary Cq G {0,1} for 1 < q ^ L. Define cTq j recursively by 

cTq.j = (tr^‘')"ny 7 ^^.cTq_i,j) 

where cTo.j = cr ^nd (tr^'i)^ denotes the identity map. Then we have, 

= tr’^4aL,2) e ©n^ X ©T^-n^-a+OL ^ ©n-a+OL 
where Oq := |gq,j n ([n] \ [n- a])|. 

Proof. By Lemma 3.9, the trace condition tr^^j^pj^ — tr^Lj^p^ ^) says precisely that there is 
an order preserving bijection t : i —)■ gi _,2 that preserves the filtration. Hence the condition 
gL,i =a gL ,2 implies that gqj =]^ gq ,2 for each 1 ^ q ^ L. By Lemma 3.9 again, we have 

tr'^^lbL,!) = tr^L^qL,2) e ©n^ C ©UL X ©n-TiL-a+OL ^ ©n-a+OL' 


The assertion of the lemma is easily verified in the base case when L = 1, because we have 

fl,l = gi,l =a 9 i,2 = fl,2 9rid Oq,! = Cq,! — (J E ©tl-q- 

For the general case L > 1 assume first that £i__i = 0. Then we have 




= tr’"Myf,'yf,'_,.c^L-2,j) 

= tr-4y7,>7,'_,,)tr-My-^,(^-i 




1 ^ 1 — 2 , j) 


(18) 
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where equation 18 follows from the identity in equation 

^ and the'^^ ^ filtr::itinn ::inH nrHf^r nrf:iCfin 

l3^Uy7iy7li,2^ hence 


_,____ __j ... _14. Now note that we have fL-ij C 

| 3 ’^'-(^y-i y-i ^ ] and there is a filtration and order preserving bijection x' : J 

^ ^ 1 1 N . 




tr^"(yf,^,yfL^_, J =tr^"(yfiyfli,2) e ©n^ ^ ©^^ x ©n- 


'riL ^tll ^ '-^n—n-L—a+OL — © 


L — ^n—a+oi 


By induction on L and noting that 


f' • = 
' q.) 


fq.j e D 


rLq.n 


p"qYryy,,) 


or equivalently (by equation 15), 



ifl^q^L-2 
if q = L — 1 


ifl^q^L-2 
if q = L — 1 


satisfy the hypothesis of the lemma with o[_;^ = ol we conclude that 




*^L—2,2) ^ ©rii X©^_^j^_q^ol — ©n—a+oy 


TL,2 tl-1,2 


completing the proof of the lemma in the case when £l-i = 0 . 
Now if £l-i = 1, then by induction we have 


1,1 — CTL—1,2 ^ ©TL—a+OL_i- 

Note that by Lemma 3.9 part 1, it follows that Il.i =ygL_ii 9 L,i =\ ygL_i 29 i -,2 == fL ,2 and in 
particular, fL,i fL, 2 - We also have |fL,j fi ([n] \ [n— a + ol-i])| = ol — ol-i- Hence 

from the base case, we have 

tr’^4y7y^iO-L-l,l) =tr’^L^y7^1^aL-l,2) e ©ny X ©n-ny-a+oy ^ ©n-a+Oy 

completing the proof of the lemma. □ 

Definition 3.16 ((ui,..., riLj-structure). Let rii ^ 1 x 2 ^ ... ^ tll be a finite chain of 
nonnegative integers. An (rii,..., riLj-structure 5 on n is a collection of subsets fq G D^^.n. 
1 ^ q ^ L. 

Let H be a nonnegative integer. Let Sj — (fq,j)i^q^L. j ^ {1.2} be two (ui,... ,rLL)- 
structures on n. We say that Si S 2 if all of the following three conditions hold: 

• tr’^^TiL.i) =tr’^"(riL, 2 ) where qqj =n£=iyrly+iy 

• gq_i =q‘' gq 2 with Uq = p'^+ll£.=i AH(ny_y+i,ny_y) for 1 ^ g ^ L where gq j = (qqj), 
and 
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• [Tiq-i] C fqj (or equivalently gq-ij C gqj) for 2 ^ q < L. 

Let s = (fq)i^q^L be a (ui,..., ni_)-structure. For an element e = (ctq. cti, ..., cTt+i) ^ 
®t+i(©Tt) and an arbitrary function e : [L] x {0,1,..., t + 1} ^ {0,1} we define eq^j,^ ;= 
(cTo.q, cTi q,..., cTt+i q) where cT]^ q is given recursively by 

and cTk.o = o^k. <1 

Definition 3.17 (Periodicity). Let z G Home^(St+i(Sn), M(m)n) and H be a nonnegative 
integer. Then z is H-periodic if for every chain rii ^ n 2 ^ ^ tll = m of nonnegative 

integers and every function e: [L] x {0,1,..., t + 1} ^ {0,1}, we have 

'I'Ta) ■\'m){^h,s.,S2) 

whenever e == (oo, ffi, ■ ■ ■, ^t+i) e d3t+i(©n-a) ^ d3t+i(©Tt) and Si S 2 are two equiva¬ 
lent (txi, ..., nL)-structures. 

Let z G Hom6^(St+i(6n), 0^^=l M(Tni)n) and pr^ : 0f^i lVl(mi] M(m0 be the 
natural projection. Let SQ = be a sequence of nonnegative integers. Then z is 

SQ-periodic if prj^ oz is H'-'^-periodic for each 1 ^ i ^ d. <1 

Remark 3.18. Note that ifzj G Hom©^(®t+i(©n). 0^Li M(TTLi)n). j G {0,1} is 
periodic then any K linear combination xzq +yzi is also periodic with period 

gcd((H^]i^i^d. := (max(Hj, < 

3.4 Periodicity of the nice lift construction 

This section contains all the technical results we need. We keep the notations from §3.2. 

Claim 3.19 (Inheritability of periodicity). With the notations of the nice lift construction 
in §3.2, let z*^ be SQ-periodic where SQ = /s a sequence of nonnegative inte¬ 

gers. Then for any r ^ d, z’’ is DydlSQ)-pe/'/od/c and F is T)vr o Dyci(SQ)-per/od/c. (See 
Definitions 6 and 5.) 

Proof. We first prove the periodicity of z’’ by downward induction on r. The base case r = d 
is true by hypothesis. We now prove the assertion for r—1: for r ^ d, i ^ r—1, we show that 
prj^ oz^~^ is LT-'^^^-periodic. For that let Sj = (fqjji^qsjL. j ^ {1. 2} be two (ni,..., til)- 
structures with tll = mi and let e = (oq, cti, ..., cTt+i) G d3t+i(©TL-a) Q ®t+i(Qn)- We 
let eL,j := Qc.c.sy j ^ {1. 2} be as defined in Definition 3.17 with H ;= and e arbitrary. 
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Assume that Si S 2 . By the definition of a nice lift (Definition 3.6), we have 


(pri.oz’" 


(pri,o(V) ImJleL.j) + (pCo(V) 

(pC oz"' + (P^o -y’' 

(pC oz"' imi)(eL,j) + (T^'’' o (pr)^^ ox’’ tmj imi)(eL,j) 

(pr),oz^ + Y- im[)(yg^eL,j) (19) 

gCDn,^,._rL 

[m-ilCg 


where equation 19 follows from Lemma 3.7. We use a shorthand for =p and split the 
summation in (19) as a double sum to obtain 


iw'nOZ^ HmJ(eL,j) = 

(pri^oz’’+ Y Y. C[)(yg^eL,j) (20) 

6eDn^,,n/=’''’' P’^''(YgiriL,j)e6 

KeemrX®n-mr tr’"’'(Xg ^rlL.j ) = K 

[miJCg 

Note that ^ by equation 4. Hence by downward induction on r we have, 

(pr)^^ oz^ iTn,i)(eL,i) = (pr):^ oz’’ iTaJ(eL, 2 )- This completes the inductive step in the case when 
TTLi > tUt- because then pr)^^ ox^ im[= 0. So we assume that rrii ^ mr and our remaining 
task is to show that the second term (the double sum) in equation 20 is independent of j. 
We accomplish this task by showing that every term in the second summation of the double 
summation in equation 20 is the same irrespective of j and the number of terms for j = 1 
and j = 2 differ by a multiple of p. In a sense, a collision is happening here. We need the 
following sub-lemmas. 

Sub-lemma 3.20. Let 0^(5, k) = {g G : (3'^’'(yg e 5, tr'^’-(yg ^PL.j) = k, [lUi] C 
g). Then, 

|ri( 6 , k)| = 102 ( 6 , k)| mod p. 

Proof. Note that TUr ^ til and -L AH(mr, til) ^ The proof now follows from 

Lemma 3.14. Ife> 


Sub-lemma 3.21. There are k(. g ©tar ^ ®n-mr' 1 ^ k ^ t-L 1 such that Vg G rj(6 , k), j G 
{ 1 , 2 } we have 


tr"^1yg'cT^,L,j) 


Proof. Proof immediately follows from Lemma 3.15 noting that =)) is a refinement of if 
1 I u. ^ 
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By Sub-lemma 3.20 and 3.21, and the equation 10 relating and w^, it is enough to 
show that there is C G ]K[©.nxJ such that — C for all g G rj( 6 , k), j G {1,2}. 

We also know from Definition 3.6 (or Step 2 of the nice lift construction) that is a linear 
combination of the following three functions 

w’’ = o’" o Tr}^’- o + (pr|; oz’'] o o dt+i - (pr]} oz’’) 1 ^,. . 

By sub-Lemma 3.21 again and the commutativity of Tr and 9, there is Ci such that o 
Tr™''o 9t+i(yg^eL,j) == Ci for all g G 0,(5, k), j G {1,2}. Note that ^ H’’’’’ -h 

AH(rar, mt). Hence by Lemma 3.2 and downward induction on r, there are C 2 , C 3 such that 
(prl^oz"') 1^,. oH;^’'o9t+i(y-ieL,j] = C 2 and (prj^oz'') 1^,. (yg^CLj) = C 3 for all g G TjlS, k], 
j G {1, 2}. Thus we may take C = Ci -L C 2 — C 3 , completing the proof of the first assertion 
in claim. 

For the second assertion, it is enough to prove the result for r = d (because by the nice 
lift construction pr}^o F == P for any i ^ r ^ d). The proof is now immediate by the 
periodicity of z’'. Lemma 3.2 and the equation 9 relating F to z’'. □ 

The following corollary follows from the proof of the claim above by taking L = 1, F j = 
[mi] and £1 to be identically zero. 

Corollary 3.22. Let e G St+i(©n-Q) 3nd 8 G Dm,,.,n/ =^’^- Then for each 1 ^ i ^ r there 
is a constant C such that pr}^^ ox^ },}|}[ (Tg = C for all [mi] C g g 6 . 

The following is the most crucial result. It provides another motive behind the definition 
of periodicity. 

Claim 3.23 (Periodicity of j]-filtered kernels). Letz‘^ G Home^(®t+i(©n),0t^=iM(mi)n] 
beSQ-periodic. lfT\^oz‘^ = 0 andp^vdTQ) | thenT\^_^o'R^^i[z‘^) = 0 (see Definition 1.22 

for the definition of the R map). 

Proof. First we deal with the case when t = —1. Our proof is by induction on d. The case 
d = 1 is trivial because then is of the form M(W) and Rt+i is a well-defined map on 
M.(W) (see Definition 1.22). For d > 1 note that 1“^ = 0 G Hom©^(!Bt(6n). V^) = 0 is 
a twisted z'^-cycle (because V\^oz‘^ — 0). By the nice lift construction, a nice lift of 1“^ is 
P := 0 (it has to be zero because for t = —1, !Bt(©n) is defined to be the trivial space) 
and there are parameters x’', y'' and z'' satisfying the conditions in Definition 3.6 (definition 
of a nice lift). It follows from that definition that TT){ o-y*^ 0, = ("c'^, — pr]{'y‘^) and 

z*^”^ = Hence o z*^”^ = 0. By Claim 3.19, z*^”^ is T)y7^(SQ)-periodic. Thus 

by induction on d, TT]{z^ o Rt_|_i(z‘^“^) = 0 (note that pW^-it^^vd | p^vti(SQ)) Hence, to 
finish the proof, it is enough to show that o Rt+i('y'^) = 0 whenever pW^TQ) | ^ po^ 
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that let e G ®t+i(<3n-a)- By Lemma 3.7, for each 1 ^ i ^ d, we have the following: 

Y. Cf (Tg'e) 

geD 

m^^.n f [mi]Cg 

Y Y P^ma Cf (Tg'e) 

L L P^U°^"CMTg's) (21) 

6eD,na,n-a/=‘l‘l 9^5 
[milCg 

Y (Tg'e) 

geD„^^,n-a, [milCg 

CJ)Cr (s) 

Here equation 21 is another instance of collision and follows from Corollary 3.22 to Claim 3.19 
and the first collision lemma (this is Lemma 3.13; to be able to apply this lemma we need 
pSQd+AH(md,Tai) | vvhich is true by hypothesis on a). This implies, 

R.+ilv'Ke) = Rt+iUr "'' ° (x" CJ) 

= Tllr-' o R.+ilx-* c„) e kern^_„ 

completing the proof in the case when t = —1. 

For the general case, note that the domain of Rt+i(z'^) is !Bt+i(©n-a)- Let e G 
®t+i(<5n-Q) and define a function G Hom6,,(So(©n). 0f=i M.(Tai)Tt) by z'^(o-) = z‘^(ae). 
Hypothesis on z*^ implies that oz*^ = 0 and that z'^ is {H'-'^j-periodic. By the t = —1 case 
above, we have n^_^oRo(z‘^) = 0. Hence o Rt+i(z‘^)(e) = o Ro(z‘^)(le^_ J = 0, 
completing the proof. □ 

3.5 Well-defined ness and commutativity results 

The aim of §3.5 is to use the technical results in §3.4 to prove some well-definedness and 
commutativity results. 

Claim 3.24. Let SQ be a d-length sequence of nonnegative integers. With the notation of 
the nice lift construction, let z*^ be SQ-periodic. Let P G Hom6^(®t(©n]. 0f=i ^(rai)^] 
be a nice lift of a z‘^-cycle l'^. /fp^TQ) | fln-a o is a Rt+i(z‘^) cycle in 

Hom©^_^(!Bt(6n). Rt)!*^) Is one of Its nice lifts. 

Proof. Proof is very similar to the one for Claim 3.23. We still provide details. 

Note that during the construction of P we define T for 1 ^ r ^ d. We prove by upward 
induction on r that T7](_^oRt(r) is a Rt+i(z^)-cycle and Rt(r) is one of its nice lifts. For that 

let Res"' : Hom©,^^x6n-m. (®t(©n), iVl(mr)mJ ^ Hom©^^x6n-a-m. (®t(©n-a), iVl(mr)mJ 


pC 


C, (e) = 
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be the natural restriction map and Ot : d3t(©Tar ^ ®n-a-mr) ®t(©mr ^ ©n-mr) be the 
natural inclusion. Then we have 


pr;_,oR,(r) 


kti—a 
I TTlr 


kn—a 

I mr 


Res’-(pr;orcjt 

Res’-la^ o Tr-;, +(pr; oz^) ^ t 

(a^ o a, o Tr-;_, + Res^^lpr; oz’' CJ o h^A-a) f 
(a^ o a, o Tr-;_, +(pr;_, oR,(z’-)) C;" oh™A-a) f 


n—a 
TTlr 


n—a 
TTlr 


( 22 ) 


For the case r = 1, V’’ is an FI |j-module and hence it is clear that o Rt(P) is a 

l^t+i(2^^) cycle and equation 22 shows that Rt(l^) is a nice lift. 

For r > 1, equation 22 implies that a nice lift of TT]^_^oR^-(F) is given by (6, pri[iL_Q oRt(r)) 
where 6 is a nice lift of the cycle where, from the nice lift construction, 

we have pr^_^o(V-i) = pr|,_^ oRt+i("c’')+T^Ta oRt+i(prj^^ ox"' tmj. Hence to complete 
the proof of the claim it is enough to show that 'z^^^ = Rt+i(z^~^) because then, by induc¬ 
tion on r, 6 may be replaced by Rt(r“^). And that is equivalent to showing the following 
commutativity relation for 1 ^ i ^ r. 


° l^t+i(pC, ox^ CJ = Rt+ilTl'’- O (pr^^ ex’- CJ). 

For that let e G d3t+i(©TL-a)- As in the proof of Claim 3.23 we have 

PCoy" Ci (e) = pr^;^^ ax’" C; (Yg ^e) 

geD 

TTir.rLi [milCg 

= Z Z p''m. r"; (ts’ e) 

seD^nr.n/s’'’' gcs 
[mJCg 

= Z Z PC C; (Ts’ e) 

6eD,nr,n-a/=''''' gCS 
[milCg 

Z P'™- (YJ'P) 

geD mr.Ti—Q t [milCg 

= (T;':.oR,^,(pr^^ox^ti;.J)CTMe) 

This implies, 

(Ti':.oR,^,(pr^;,^ox’-CJ)C-- = Res^pr^oy^l^J 

= (Rt+i(pr>y’-));--- 

= (Rt+i(T;'’-o(prl,^oxn™J))Cr 

completing the proof of the claim. 

Note that 3 o D(SQ) > 3(SQ) for any SQ G Z|o- We claim the following. 


□ 
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Claim 3.25 (Well-definedness of 9^). Let be SQ-periodic and assume that p^°®(SQ) 
Then the map 


m-n, a,z“ 




a. 


defined by [l*^] i-)- o RtlP)] is well-defined. 


Proof Let Ij G j G {1,2}. Let Ij be any of their nice lifts. We have li — I2 = 
b o 9t for some b G Home^(!Bt-i(6rL), V^). Also, TT}} o Ij = + bj o 9^ for some bj G 

Home„(®t-i(<3rL), V^). Combining these equations yields n({o (li —12) = (b + bi — b2) o 9t. 
This shows that ba := b + bi — b2 is a twisted (li — l2)-cycle. Let 83 be one of its nice 
lifts. By Claim 3.19, (T —12) is 2)(SQ)-periodic. Hence by Claim 3.24, o Rt-ilba) is a 
Rt(li—12] cycle jf p^°®(SQ) | -p^l^ translates into n({_QoRt(li—12) = T7}{_^oRt_i(b3)o9t, 

completing the proof because o Rt_i(b3) o 9t is a boundary. □ 


Definition 3.26. For a sequential map cj) : V —t W corresponding to fcj, : S —)■ T as in 
Definition 1.11, we define a map cf)* : Z>q —)■ Z>q by = (G'^)i^k<:d2 where 

is given by 

. ifkGT 

G'^ = <^ < 

1 0, otherwise 

Remark 3.27. With the notations of Definition 1.11, Definition 1.19 and Definition 3.26, 
let z'^^ G Homen(®t+i(©n), be SQ-periodic then, 

1. z'^^ o 9t+2 is SQ-periodic, 

2. o is 4>*(SQ)-periodic, and 

3. Rt+l($n = $n-a o Rt+llz^^Q. < 


Note that V^) is same as the usual cohomology group V^). We have 

the following lemma. 

Lemma 3.28. Let cj) : V —)■ W be a sequential map as in Definition 1.11 and let SQ be the 
sequence of length di consisting only of zeros. /fpmax{arwoZ)wo<t'*o 2 ?v(SQ), oryoDvlSQ)} | 

the diagram in Figure 14 commutes. 


Hn©n,Vd 


m 


n 1 

n,a,0 

't.V'll 






9^ 


n 

n,a,0 


t.W'^2 


Figure 14 
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Proof. Let I G Hom©^(!Bt( 6 rL). (we keep the superscript di, which just denote the 
length of the filtration of V, to keep our notations consistent with Definition 1.19) be a 
0-cycle and let I be a nice lift of 1. Then (()„, o I is a twisted o f o 9t+i-cycle. Let T be 
a nice lift of 4 )tt^ o 1. By Claim 3.19, I is D(SQ]-periodic. This implies that o I o is 
4)* o 2)(SQ)-periodic. |f p3'oc|3*oD(SQ) | ^ p3o2)(SQ) I 3 24 we have that 

Rt(Ti) is a nice lift of a $n-Q o Rt(f) o 0t+i cycle and also that Rt(T) is a nice lift of a 0 cycle. 
This implies T7 ^_q o o Rt(l) o 9t+i = 0. Hence Rt(li) is a lift (not necessarily nice) of 
a zero cycle. Since TT^ o o I o 9^+1 ==0, (()„, o I is also a 0 cycle. 

Let I 2 be a nice lift of 4)^ o I as a 0 cycle. This yields the equation, TT^ o (T — 12 ) = b o 9t 
for some b. Here b is a T — I 2 cycle and T — I 2 is D o 4 >* o T)(SQ)-periodic. Thus if 
p3oX)oc|3*oD(SQ) I p then, as in Claim 3.25, we have f7^_n o Rt(li — 12 ) = fT^-a o Rt-i(b) o 9t. 
This completes the proof because T]^_^ o Rt_i(b) o 9t is a boundary, 

^n-a,t o 91 (;^a°([1]) = O Rt($n o 1)] = o R,(T)], and 

O ^n,t([l]) - [n2_^ O Rt(l2)]. □ 

Let lo G V^). Then it is clear that the map ^ V^) —)■ 

V^) defined by It -)-1 —Iq is bijective. 

Lemma 3.29. Let be SQ-periodic and let p^°2?(SQ) | t/^e diagram in Figure 15 

commutes provided (©n. V^) is nonempty. (The obvious subscripts and superscripts are 
omitted here.) 




a 






a 


-^H^(©n,Vd) 

m 

" 4 ^ 

4H^(©^_a,Vd 


Figure 15 


Proof. The proof is similar to the proof of well-definedness. We need to show that, under 
the hypothesis on a, 93(1) — 93(lo) and 93(1 —lo) differ by a boundary. Let I, Iq and T be 
nice lifts of I, lo and I — lo respectively. Then we have o (I — Iq — li) == b o 9t for some 
b. Then b is a (I —lo — li) cycle. Also (I —lo — li) is D(SQ)-periodic. Hence if | a 

then by Claim 3.24, we have o R^(l — lo — T) == IT)^_q o Rt-i(b) o 9t, completing the 
proof. □ 
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3.6 Proof of the main theorem for jj-filtered Fl-modules 


The aim of §3.6 is to show that the map 93 as in Claim 3.25 is an isomorphism whenever 
n — a is large and a is divisible by a sufficiently large power of p (see Theorem B). We keep 
the notations from §1.3. 

Consider the exact sequence 


H^(©n,V, 


d-li 


'■)d 






»Hn6n,M(Wd), 


5d 

^n.t. 




d-l] 

n ) 


induced by the exact sequence 

0 -> yd M(Wd) -> 0. 


We have the following lemma: 

Lemma 3.30. Let SQ be the sequence of length d. consisting of zeros. /fp^°®(SQ) | q (needed 
for the maps to be well-defined), then the diagram in Figure 16 commutes. Moreover, if 
n — a ^ 2t + md, then the right vertical arrow is an isomorphism. 








-^HMSn.Vd) 




HM6n, M(Wd), 




t.yd-i 








t.V'l 




4>f 




t,M{Wa) 


4HM6n-a,M(Wd)n-a) 


Figure 16 


Proof. The first statement about the diagram is immediate because the maps cj)'^ and ij;'^ 
are sequential. Also, note here that if I e Home^lStlSn). Vn~^) is a 0-cycle and I is one 
of its nice lifts then, o I is already a nice lift of the 0-cycle o 1. A similar statement 
holds for ^\)‘^. Hence we have a simpler condition on a then in Lemma 3.28. For the second 
statement, note that the right vertical map is induced by the map 

: HomeJSt(©n), M(Wd)n) ^ Home,,_ja3t(6n-a), M(Wd)n-a) 
coming from the Fl|j structure on M.(Wd). 

Consider the commutative diagram in Figure 17 (where resi and res 2 are natural restriction 
maps). Vertical arrows are isomorphisms and res 2 induces an isomorphism on the cohomology 
groups. Hence it is enough to show that resi induces an isomorphism. By Kunneth formula, 
resi induces the map 

i+j=t 

0 HH6m„Wd)®Hi(6n-m,-a,K) 
i+j=t 
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HomsJ®t(©,^),M(Wd)n) 


on,a 


^ Home_(^t(6n-a).M(Wd) 


'^TTld 


I n—a 


Home^^ (®t(©n), W^) 


resi 


> Homg^^ xs. 


_„(Bt(6n),Wd) 


res2 


> Homg^ vS, 




Figure 17 


up to isomorphisms W^) 0 H’(6n-md, IK) = X ©n-ma.WKIK) 

and 0|+j^tHH©ma, Wd) 0 Hl(6n-ma-a,IK) = H^©^^ X ©n-ma-a, WKIK). ThuS it is 
enough to show that the map induces isomorphism torn—a > 2j+rad, but that 

is the content of Nakaoka's stability theorem (see equation 1). □ 

Lemma 3.31. Let SQ be the sequence of length d—1 consisting of zeros. If ip^vd°‘t>t°'i^vd-iiSQ] 
a, then the diagram in Figure 18 commutes. 


HM©n,M(Wd)n) 




n,a,0 

t,M(Wa) 


HM©n-a, M(Wd)n-a) 




xd 

“n—a,t 




n,a,0 
t + l.Vd-l 




Figure 18 

Remark 3.32. Note here that for the right vertical arrow to be well-defined we need that 

p3fvd-l°2?vd-l(SQ) I Q gy-j- \l jg eggy ggg 

p^vd°^vd°4’ d(SQ) ^ ^aydo4)doDy^_i(SQ) ^ pavd-ioSyd-itSQ)^ 


In the following proof we will not write the obvious subscripts. < 

Proof Note that it is enough to show that the natural map : ker^)^t_i_;^ cokenj))^^ 
that induces 5)^ commutes with 91. For that, let I G Hom6^(lBt+i(©n). V^~^) be a 0-cycle 
such that 4)))^oI is a boundary. Since 5 is a well-defined map on cohomology, we may assume, 
by picking an appropriate element in the equivalence class of I, that I admits a lift I that is 
nice. So we have, T\^ o o I = b o 0^ for some b. Then by Claim 3.19 and sequentialness of 
4)*^, $([ol is 4>f o 2)(SQ)-periodic. By the nice lift construction, we may find a nice lift b of 
the $)^ol cycle b. Now note that 6(^([l]) = [tt*^ o o b] . Hence it follows from Claim 3.24, 
that the diagram in Figure 18 commutes jf p^'o'tfoslSQ) | ^ □ 

Proof of Theorem B. Proof is by induction on d which is the length of the tj-filtration. 
When d = 1 then the proof follows from the second assertion of Lemma 3.30. In the general 


Wd) 


45 



gd (Kd ^d gd 

Ht-l(en, M.(W<i)n) --> H*(e„,V^-') --> Ht(6n.V^) --> H*(en, M(Wd)n) --> H^+l (6n, V^-1) 


H-l.M(Wd) 


mTV.a.O 

*^t.Vd-i 


I mT^.a.O 

h^t.Vd 


cb ^ * 

Ht-l(6n-a, M(Wd)n-ci) H* (Sn-a, ) ZZZl^ H* (Sn-a, V;J_„) H* (6n-ci, M (Wj )n-Q) “"""'S H*+l (6„_a, V^Zj,) 


'Pn-dt 

" t, 


H,M(Wd) 


Figure 19 


case, by Lemma 3.30 and 3.31, the diagram in Figure 19 commutes. Note that the rows are 
exact. First and the fourth vertical arrows are isomorphism by the base case. Let SQ' be the 
sequence of length d. — 1 consisting of zeros. Since p^vd°®vd(SQ) ^ p3yd_ioX)yd-i(SQ')^ i\^q 
induction hypothesis holds. Hence the second and the fifth vertical arrows are isomorphisms. 
The proof now follows from the five lemma. □ 

Proof of Theorem C. Let SQ' be the sequence of length d consisting of zeros. The proof 
is immediate from the fact that p^°®TQ) ^ paroD(SQ')^ Theorem B and the commutativity of 
the diagram in Lemma 3.29. □ 

We have the following bound on the period. 

Lemma 3.33. Let SQ = G Z|q and define Di := maxi^t^d Then, 

J(SQ) ^ Di + D, 

2)(SQ)i ^ Di + D — mi and 
3oS)(SQ) < Di + 2D. 

In particular, the cohomology groups H^(©n. Vn) eventually periodic in n with period 
dividing p^^. 

Proof. We have 3o2)(SQ) = maxi^i^d(® °®(SQ)i + AH(mi, 0)). It is elementary that if b 
is positive integer, then Vp(b!) b — 1. This implies AH(a, b) ^ max(a — b, 0). 

Moreover, the recursive definition of implies by induction on r that ^ Di + D — 

mi. Thus 2!)(SQ)i = H'-'- ^ Di + D — mi. This proves the second assertion and the first 
follows immediately. Iterating the argument we get, T) o 2!)(SQ)i ^ Di + 2D — mi. Hence 
3 o S!)(SQ) ^ Di + 2D, completing the proof. □ 

We record the following lemma to be used in the next section. 

Lemma 3.34. Let TT^ : M.(mi) ^ V and Yl^ : W be ‘^-filtered 

f\-modules. Define Di maxi^i^d TTii ^nd Dw rnaxi^i<^ci 2 'fi-k- cj) : V ^ W 
be a seguential map (see Definition 1.11 and Definition 3.26) and let SQ G Z^q. Then 
T)(4)*(SQ))ic < Di + Dw — TLic for each 1 ^ k ^ d 2 . 

Proof. Proof follows immediately from Lemma 3.33. □ 
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Example 3.35. Working over F 2 , for any d ^ 3 let V be the quotient of M.(0) © M(d) by 
the sub Fl-module generated by the element (1, llf-[d]^-[d] ^ (M.(0) © M(d))ci- Note that 

V admits a natural exact sequence 


0 ^ M(0)-t V ^ ]Vl(W)0 (23) 

where W is the quotient of M.(d) by the sub Fl-module K generated by X!f-[d]^-[d] ^ ^ Nl(d)d- 
It is clear that the image of M(0)n lie inside Vn) = V®’' C V^. We show that 

dim = dim W®'! = 1 and hence dim V®’' is either 1 or 2 depending on n. The first 

equality is clear by Shapiro’s lemma. For the second, let 0 x G W®** and let y e M(d)d 
be a lift of X. By construction, if cr G ©d fh^n cry is either y or y + X^f.[d]^[d] This 
define a surjective homomorphism cj) : —)■ {0,1). By simplicity of (or when d = 4, the 

fact that the only index two subgroup of ©4 is A4), we have ker(4)) = A^. This shows that 
X = f hence the second equality. 

Now we calculate the dimension of V®’^. Note that dim V®’^ = 2 if and only if there 
exists 0 X G V®’^ admitting a lift, say y = (yi,y2) G (M.(0) © M.(d))n, such that y2 7^ 0 
mod Kn. In that case, by the previous paragraph we may take y 2 = 9 ° ^ 

and this implies 


crx = X 


Tnlo") := l{g e Dd,n : Ad ^ Ta^gj^Tg : [d] ^ [d]}| = 0 mod 2 

for any cr G ©n- Note that the transposition erg = (1, 2) and the cycle cti = (1, 2, 3,...., n) 
generate ©n and 

< , if cr = Oi and 2 | d 

0 , if cr = Oi and 2 f d. 


rn(o-) 


We conclude that 


dim V®- = 


2 ^ (izl) = (dZj) =0 mod 2, if 2 I d and, 
2 ^ = 0 mod 2, if 2 t d. 


The residue (^) mod 2 is periodic in n with the smallest period ^ x. This implies that 
the smallest period of dim H°(©n, Vn) could be an arbitrarily large power of 2. In particular, 
when d = 5, dim V®’' is eventually periodic in n with smallest period 2^. Our argument also 
shows that (23) does not split because otherwise the smallest period would be the Icm of 
periods for H°(©n, M(O)n) and H*(©n, M(W)rL) which are both 1. 


3.7 Proof of the main theorem for finitely generated Fl-modules 

The aim of this section is to prove the main theorem for finitely generated Fl-modules (The¬ 
orem D) and develop machinery for the generalization to Fl-complexes which is the content 


47 



of §3.8. We keep the notations from §1.4. 

Proof of Theorem D. Assume n — a ^ C and consider the spectral sequences 
defined in (E). Note that the rightward oriented first page is given by 




0 , if X > 0 

Hom6,(By(©n), Vn), if X 0 


and it follows that the rightward oriented second page satisfy 


I- ^2 


n 




n 


0, if X > 0 

Hy(©^,Vn), ifx = 0 


Hence they-th cohomology group of the associated total complex is isomorphic to El^ (0^. Vn) 
Thus, if we change orientation, then the upward oriented spectral sequence -|^E*’*(n) abuts 
to H’(©n,Vn) and , 0 ^ X ^ N are graded pieces of the induced filtration 

on El^(©Tt. Vn). We show by induction on the page number r that if a is divisible by 
a large enough power of p and n — a is sufficiently large then there is an isomorphism 
tE)f'y(n) = ^E)f'y(TL- a). 

We start with the base case. Observe that '|■E^'y(T^) = Eiy(6n, Jn) and, by the results of 
the previous section (Theorem B and Lemma 3.33), we have a map a) : -|^E^'y(rL) — )■ 

'l■E^'y(n— a) defined by a) := that is an isomorphism as long as p^^’^ | a 

and n — a ^ 2(y + dx — 1) + Dx. Here dx and Dx are the lengths of the jj-filtration and 
the degree of generation (resp.) of J^. Note that by Theorem A, Dx < Dq — x. Moreover, 
Do is less than or equal to the degree of generation D of V. We set = 2Dx and 

=2(p + dx-l) + Dx. 

Assume, by induction, that a) induces a map Tl)f'y(n, a) : -i'E)f'y(rL) —)■ '|■E)f'y(T^ — 

a) that is an isomorphism as long as | a and n — a ^ SD)f'y. Consider the diagram in 

Figure 20. We find a condition on n and a such that this diagram commutes and the vertical 


rx-r.y+r-l| 


n 




tE!'y(n) 


t 




m 


X—T,y+T—1 


nx-r,y+r-l, 


(tl, a) 




(tl. Cl) 


|y^x+r,y-r+l(^^^j 


^tET^fn-a] 


a) 


^^^x+r,y-r+lf.ri- 


a 


Figure 20 


arrows are isomorphisms. 
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Following Vakil’s notes [Va, §1.7], we define an (x, y) strip associated to a spectral se¬ 
quence E*'* to be an element of (This is same as the Vakil’s definition but with 

orientation changed to upward instead of rightward). Note that, in our case, the differential 
d.(rL) = ^d.(rL) -F^d.(n) sends a (x, y) strip s to a (x, y -F1) strip ds. We shall now use Vakil’s 
description of the differential in terms of (x, y] strips throughout. 

Let I G '|^E]^'^(n). Then there is a corresponding (x, y) strip s = (U) e 
such that ds is a (x-Fr, y —r-F 1) strip. This implies that Iq is a 0 cycle and (])](+’• ol| = o 
0 ^1^ r —2. Moreover, the image of I under ^d])'^(n) is determined by 
The well-definedness of ^d*'^(n) allows us to change each T up to a boundary. Hence, by 
induction on i, we may assume that the o ti cycle T+i admits a lift T+i that is nice. 
Let SQ‘^’‘ be the sequence of length dx consisting only of zeros. It follows from Claim 3.19 
that To is SQ^’^ := I)(SQ‘^’‘)-periodic and that T+i is := D(4)](+^(SQ]^T))-periodic. 

Define := max{3(SQ‘^’‘), maxo^i^r-i Then, by Claim 3.24 and the 

definition of the map Tli (recall that R commutes with a sequential map, see Remark 1.24), 
the right square in the diagram above commutes if | a. We now define 

max{M]f'y, N^-y, (24) 

max{SD;^'^, (25) 

and note that the diagram above commutes and vertical arrows are isomorphisms as long 
as I a and n — a ^ Hence, under these assumptions on n and a, a) 

induces an isomorphism (n, a) : .|.E](;|^j^(n) —)■ a), completing the inductive 

step of the proof. Now taking r —)■ oo completes the proof of the theorem. □ 

Remark 3.36. The proof above also provides an algorithm to calculate the period p*^” and 
the stable range because we have (24) and (25) together with the following equations. 

= max M^’y, 

x+y =t,l^r<oo 

SD^ = max SD^f'^. < 

x+y =t,l^r<oo 

The following lemma gives bounds on the period and the stability range in Theorem D. 

Lemma 3.37. We have 


OUr+1 


^ min{(t + 3)D, max{2D, D(D + l)/2}}, 
SD,^ ^ 2(t + max dx — 1) + D. 

X 

(by Remark 1.17, we can replace D above by x(V)J 
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Proof. Recall that ^ D — x. This implies ^ 2D. Next we provide bounds on 
and N^'y independent of x and y. Note that by Lemma 3.33 and Lemma 3.34, we have 


^ and 

x+i+l 

3(<i>rHsQ*-?)) < 21 

y=x 

which show that 

f (r + 1)D if r < D 
1 d(D + 1)/2 ifr^D 

This implies, by induction on r, that 

XT, [('>'+1)D ifr<D 

K+i ^ S 

1 max{2D,D(D + l)/2} if r ^ D 

We know that if x + y = t the spectral sequence stabilizes when r = t + 2. This shows that 
^ min{(t + 3)D, max{2D, D(D + l)/2}}. Proof of the second assertion is similar. □ 

Theorem D establishes the periodicity of dimensions of the groups H^(6rL, Vn) but does 
not give explicit maps H^(6rL, Vn,] —)■ H*(©rL-a, Vn-a)- Instead it provides us with a filtration 
on H*(6 t^,Vtt,) and Vn^-a) such that the graded pieces are isomorphic. In the 

remaining of this section we remedy this and construct explicit maps at the expense of 
increasing the period slightly. 

Let 

TE-(n):= 0 HomeJS^(©,), 

x+y=» 

with the differential dT(n) denote the total complex associated to E*'*(rL). For each 0 ^ 
X ^ N, let M.(mi,x) ^ be a cover as in Theorem A. We define 

TE’(n):= 0 Home(©,), 

x+y=» 

to be the cover of TE* with the obvious surjective map, 

ff^TE'(n)^TE^(Ti) 
given by Tt^((lx)o^x<t) = o lx)o<x^t- 

Definition 3.38. Let z = (Zxjo^x^t+i £ TE^^^(rL). We call I = (Ix)o^x^t ^ TE^(rL) a 

twisted z-cycle if we have 

d^(rL)(f) = TT^,+^(z). 
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Two twisted z cycles T and I 2 are equivalent if they differ by a boundary, that is, li —12 = 
d.j“^(rL)(b) for some b G TE^“^(n). We denote the set (which is in fact a group when z = 0) 
formed by these equivalence classes by H^'^(TE*(rL)) and the equivalence class of I by [1], 
Let SQ" = 0 ^ X ^ N be sequences of nonnegative integers. We say that z 

is (SQ’‘)o^x^t+i-periodic if Zx is SQ’^-periodic for each x. < 

Remark 3.39. Note that the map 


L*:HomeJ®t(6,),Vn)->TEMn)= 0 HomeJSy (6^), 

x+'y=t 

given by 1 1 -^ (Ix)o^x^t where 

{ Ln O I, if X == 0 

0, Otherwise 

induces an isomorphism I*: VVl) —)■ H^(TE*(n)) = H^'°(TE*(rL)) for n ^ C. < 

Define the map 

R;*;" T-J. : TE'+'(n) ^ T’E'+'fn - a) 

by (Zx)o^x^t+i ^ (Rt+i-x(zx])o^x^t+i- We will drop some of the subscripts and superscripts 
when there is no discrepancy. Let I = (Ix)o^x^t ^ TE^(rL) be a z cycle and assume that z is 
(SQ’‘)o^x^t+i-periodic. This amounts to the following equations: 

lo o dt+i = n° o zo 

Ix+i o 9t-x = (fin o o Zx+i, for 0 ^ X ^ t - 1 

0 = (1)^,0 T + n^,+'ozt+i 

By changing each lx upto a boundary we may assume, by induction on x, that the 
Zx+i cycle Ix+i admits a lift Ix+i that is nice. It follows that Iq is SQ*'° := D(SQ°)-periodic 
and that Ix+i is SQt,x+i 2:)(gcd(4)^(SQ^'’‘), SQ’^^^jj-periodic. We call I ;= (Ix)o^x^t a 
nice lift of 1. By Claim 3.24, TTj:i_^(Rt((lx)o^x<t)) is a Rt+i(z) cycle if p^TE'bSQ’^jo^x^t+i) | 
Here the maps 3^^. and are analogous to the maps 3 and D (resp.) and are defined by 

;= max{3(SQ°), max 3(gcd(4)^(SQ^’’‘), SQ’‘+^))} and, 

O^x^t 

®TE* ((SQ")o<x^t+i) := (SQ^'")o<x^t. 

Note that I is SyE'llSQ’^jo^x^t+ij-pcriodic. We can now prove the following analog of 
Claim 3.25. 
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Claim 3.40. Let z be (SQ’‘)o^x^t+i-P^/'/o<^/c and assume t/iat p^TEi°®TE*((SQ’‘)o<xs:t+i) | q 
p5^i,.((SQ’‘]o^x<t+i) I Then the map 

^ - a)) 

defined by [t] H- [f[^^_a(Rt((lx)o^x<t))] is well-defined. 

Proof. Let Ij G [1], j G {1, 2}. Let Ij be any of their nice lifts. We have li —12 = dj“^(n)(b) 
for some b G TE*~^(rL). Also, + d.j“^(n)(bj) for some bj G TE^“^(rL). 

Combining these equations yields — I 2 ) = dj“^(rL)(b + bi — b 2 ). This shows that 

bs := b + bi — b 2 is a twisted (li — l 2 )-cycle. Let bs be one of its nice lifts. By what we 
have observed in the paragraph above the lemma, (li — 12 ) is ((SQ’‘)o^x^t+i)-periodic. 
Hence ni^^^^(Rt_i,n,Q(b 3 )) is a Rt.n.alfi — ^ 2 ) cycle if p5LEi°^TE«((SQ’‘)o<xs;t+i) | trans¬ 

lates to nn_a(^t,n,Q(li — 12 )) = dj“^(n)(n|tTV(Rt-i,n,a(b 3 ))), Completing the proof because 
dT"^(rL)(n^Ela(^t-i,Tx,a(fi3))) is 3 boundary. □ 

Let z — 0 and for each x let be the sequence consisting of zeros. Define the quantities 
(the subscript 1 will be useful in the next section) 

max{M^, °®te*((SQ’‘) 0^x<t+l]. HtE* ((SQ’‘)o=^x^t+i)} (26) 

SdJ := SD^. (27) 

Then we have the following theorem. 

Theorem 3.41. Assume p^^i | a and n — a ^ maxISD^, C}. Then the map 

. Ht.0(TE’(n)) -> H"’°(TE*(ti- a)) 

is an isomorphism. 

Proof. Notice that for each x, y satisfying x-Lp == t, induces the maps 9t^y(rL, a) on 

the graded piece of H*’°(TE*(rL)) to the corresponding graded piece ^E^^(n— a) 

of H^'°(TE*(rL— a)]. Hence the result follows by Theorem D. □ 

Remark 3.42. By a similar argument as in Lemma 3.37, it can be checked that 

M) ^ (t + 3)D, 

SbJ ^ 2(t-L max dx — 1) + D. < 

X 
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3.8 Generalizations: complexes of finitely generated Fl-modules 

We work with the following arbitrary complex of finitely generated Fl-modules with differential 
6 . 

0 ^ v° ^ ^ ^ . 

Consider the corresponding spectral sequences F*'*(rL) defined in (E). Our aim in this section 
is to show that for any page r > 1 of the corresponding upward oriented spectral sequence 
and position (x,■y), im^d^'^(rL) and ker^d.^'^(rL) are periodic in n. Since these 

objects depend only on first few columns (depending on x and ij) we may assume that the 
complex is supported in finitely many columns say 0 < x ^ N. Hence we can follow the 
notation from Remark 2.4. 

As in Remark 3.39, for a fixed x we have an embedding 

i::Homeja3.(6,),V;()-^TE"'*(n):= 0 HomeJOvJ©n), 

of complexes. The later complex is the total complex associated to Vjj as in previous section 
(see (E)) and hence is equipped with the natural differential dj*(rL). This yields an embedding 
t* : E*’*(n) —)■ TE*’*(n) given by : E^^’^ —)■ TE^'^ for a fixed x. Here the differentials 
associated to TE*’* are given by: 

^d^'^(Ti) : TE^'^in] ^ TE"+^'y(n), induced by 5"'^ := (6^^'^)o<:ux«:y and, 

td^'^(n) : TE^'^jn) ^ TE^'y+^(n), induced by d^'^. 


Remark 3.43. Note that, by Remark 3.39 again, t* induces an isomorphism on the first 
upward oriented page r*_i : ^E*'*(n) = ^TE*'*(n) and hence on any higher upward oriented 
page E*: -|^E*'*(rL) = -|^TE*’*(rL) given that n ^ C ;= maxo^x^N Cx. Hence for our purpose, it 
is enough to analyze the complex TE*’*(rL) which is secretly a triple complex with co-ordinates 
Ux, Vx and y. <1 

We may define the vector analogs of quantities defined in previous sections as follows: 


Ux+Vx=y 




Let r G TE*'^ and let I = (lux)os;ux^y ^ TE’^'^ be a lift of 1. Assume that I is 
(SQ^’‘)o^ux^y-psi'iodic. Then it follows by the sequentialness of the maps 0 ^ Ux < y 
that has a lift of = o l^Jo<;u,<;y which is SJ^y((SQ""’‘)o^ux^y) = 

(5i^-^(SQ""’‘))o<;uxs:y-penodic. 
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Proof of Theorem E. We show by induction on r that if a is divisible by a large enough power 
of p and n — a is sufficiently large then there is an isomorphism — 

a). The proof is similar to the proof of Theorem D. For the base case, observe that by 
Theorem 3.41, we have the map 

(n, a) : ^TE^'^^ (n) ^ (n - a) 

defined by a) := * ^^at is an isomorphism as long as \ a and n — a ^ 

sbi'^. 

Assume, by induction that (n, a) induces a map (n, a) : tTE^'^ (n) —> fTE^'^ (n— 
a) that is an isomorphism as long as p^?'^ | a and n — a ^ SD^’^. Consider the diagram in 
Figure 21. 


t 


-p^x-r.y+r-l 


jx—r,y+r—1 




(n) 


n 


-^tTE^f'bn) 


t^T,; 


4 -kTE!+"'^-"+^| 


t 


-p^x-r,tj+r-l. 




a) 


t ■ -r 

a) 


TL 


> tTEr'^fn- 


a 


tdf;^ (n - q] 


->tTE!+"'y-"+bn-al 


Figure 21 


We now find a condition on n and a such that this diagram commute and the vertical 
arrows are isomorphisms. For that let I G'i^EiJf'^(rL). Then there is a corresponding (x,y) strip 
5 = (T) e ©t^oTE’‘^’"y“'^(n) such that ds is a (x + r,p — r + 1) strip. This implies that Iq 
is a 0 cycle and o T = 0 <r —2. Moreover, the image 

of I under ^dybiT-) is determined by 5 ^^+T-i'y-T+i o lr_i. The well-defined ness of ^dj'b'n.) 
allows us to change each T up to a boundary. Hence, by induction on i, we may assume 
that the 5^+i^'y-i- o T cycle T+i admits a lift T+i that is nice. It follows that if for each Ux, 
SQ'^’‘ is the sequence of length = lengthand consisting only of zeros then To is SQ^’q : 
= b^E=‘'‘((SQ'^")o^u,^y+i)-periodic and that li+i is := ))- 

periodic. Define 


:= max{J^ 


TE' 


,.((SQ^ 


jO^Ux^y + l J 


max 

0<t<r-l te 


x+i+1 


.(S 


x+i,y —i 


(solf))). 


Then, as in the proof of Theorem D, the right square in Figure 21 commutes if | a. 
We now define: 


jwix.y 

,x,y 


sb,;\ max(sb;b sb; 


(28) 

(29) 
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and notice that the diagram above commutes and vertical arrows are isomorphisms as long as 
p'^^+i I a and n— a ^ Hence, under these assumptions on n and a, (n, a) induces 

an isomorphism a) : 'fTEiJ^:|y^(rL) — '|■TEi^:^^(rL — a), completing the inductive step of 

the proof. The proof is now complete by Remark 3.43 and defining to be maxo^x^N Cx 
for N sufficiently large such that the fTE^^ depends only on the first N columns of the 
complex. □ 

Remark 3.44. Assume that each is generated in degree at most D and that for each x 
and itx, the length of is bounded by d. Then a proof similar to the one in Lemma 3.37 
gives the following bounds: 

^ (x + y+ 3)D 
^2(x + 'y + d—1] + D. 

By Remark 1.17, we can replace D above by maXxX(V^)- <1 

Corollary 3.45. Let 6 : U —)■ V be a map of finitely generated f\-modules and let : 
H*(6n, Un) —)■ H*(©rL. Vn] be the induced map on cohomology. Then kerS^.t 3nd im Sn.t 
are eventually periodic in n, with period a power ofp. 

Proof. Consider the complex 0 —)■ V° —)■ —)■ 0 where V° := U, := V and 6° := 5 and 

note that kerS^^ t = Hence by Theorem E, kerS^.t is periodic in n. The statement 

about im 6n,t follows from it. □ 

Corollary 3.46. LetO —)■ V° ^ —)■ —)■ 0 be an exact seguence andcn.t: H^(©ri. V^) —)■ 

V°) be the connecting homomorphism. Then, kercn.t is eventually periodic in n, 
with period a power ofp. 

Proof. The proof follows by applying Theorem E to the exact sequence 0 —)■ V° —)■ —)■ 

^ 0 . □ 

4 mod-p cohomology of unordered configuration spaces 

We maintain the assumption that IK is a field of characteristic p and we fix a manifold M. 
With the notations of §1.5, let C, and V* be the singular chain and cochain complexes 
associated to Conf(M) with differentials 5, and 6* respectively. Then for each x ^ 0, Cx is 
a co-FI-module and is an Fl-module. The degree n part, Cx.n of Cx is ]K[6n] projective 
and we have Vjj = Hom(Cx.n. IK). The following argument stolen from the classical reference 
[CaEi] and included for the sake of completeness shows that Vjj) = 0 for t > 0. 

Since Cx,n is projective, then the natural ]K[6Ti,]-niodule exact sequence 

0 —)■ ker gn ]K[©t-l] C)k Cx,n —-—> Cx,n 0 
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splits. By taking Hom(.,]K], we see that the following sequence is split exact. 

Hom(gn, IK) 

0 — )■ - - -)■ Hom(]K[6n] Cx,n, IK) —)■ Hom(ker gn, IK) -> 0. 

Then, it follows from the natural isomorphism Hom(IK[©J ( 8 )k Cx,n. IK) = Hom(IK[©J, V^) 
that V)) is a direct summand of Hom(IK[©rL]. V))^) as a IK[ 6 rL]-module. By Shapiro’s lemma, 
we have ( 6 , 1 ,, Horn(IK[ 6 tt,], V)^)) = Ext]^[g^](IK, Hom(IK[ 6 TT,], V)^)) = Ext]^(IK, V^). Since 
IK is a field, Ext]^(IK, V))) = 0 for t > 0. This implies V^) = 0 for t > 0 because V)) 

is a direct summand of Hom(IK[ 6 TT,], V^). 

Consider the natural spectral sequence F*'*(rL) given by E’‘'^(rL) := Homg^(!By (S^). V))). 
The previous paragraph shows that ^F))'^(n) = 0 for -g > 0 and ^F))'°(rL) = (V^)®’^. Hence 
^F*'*(n) Fl*((V*)®"), the mod-p cohomology of conf^lM). Thus we must also have 

_^F*'*(n) Fl*((V*)®"). Note that !By(©n) is free as a IK[©Tt]-module, which implies that 

we have a natural isomorphism ^F^'^(n) = Hom 6 ,^(lBy (0^). H’^CV*),!.)- We can now prove 
the main theorem of this section. 

Proof of Theorem F. Since M satisfies the hypotheses of Theorem 1.25, Fl’^CV*) is a finitely 
generated Fl-module. Note that may not be a finitely generated Fl-module. We construct 
a sub-complex U* V* of finitely generated Fl-modules as follows. By induction on x assume 
that IT^ has been constructed and consider the exact sequence 

0 ^ im 6 ^ ^ ker 5^+^ H’‘+^(V) -» 0 . 

Since 6 ’‘(IT‘) and Fl’‘+^(V*) are finitely generated Fl-modules there exists a finitely generated 
sub Fl-module C kerS’^^^ C such that the following sequence is exact. 

0 ^ ^ ^ 0 . 

Consider the spectral sequence E*’*(n) given by E’^'^)!!) := Home^llBy (©^i). U)^)- We 
have a natural map T(n) : E*'*(rL) <—)■ F*'*(rL). By construction we have, Fl’^)!!*) = Fl’‘(V*) 
for each x. Hence T'(n) induces an isomorphism ^E))'^(n) = ^F)^'^)!!). It follows that 
^E*'*(n) Fl*((V)^)®’^), the mod-p cohomology of conf^lM). By applying Theorem E to 

the complex U* and defining 


M^:= max , 

x+y =t,l^r<oo 

SD^ := max SD*’^, and, 

x+y =t,l^r<oo 

C" := max C^'^ 

x+y =t,l^r<oo 

completes the proof. 


(30) 

(31) 

(32) 

□ 
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Remark 4.1. The proof of [CEFN, Theorem E] implies that dimK H^(ConfTT,(M), K) is even¬ 
tually a polynomial of degree at most 2t. Also note that to find out H^(Confn(M), K) we 
only need to consider the complex V* for x ^ t + 1. Hence Remark 3.44 implies that an 
upper bound on is (t + 3)(2t + 2). < 

Remark 4.2. If IK = Z then it is known that the cohomology groups H^(conf (S^), IK) are 
not eventually periodic; see [Nap], This implies that Theorem E does not hold with integer 
coefficients. < 


5 Further questions and comments 

In this section we list some related open problems: 

Question 5.1. Does Theorem B hold when IK = Z? More precisely, Is it true that if V is a 
finitely generated jj-filtered Fl-module over Z, then the cohomology groups H^(6rL. Vn) are 
eventually periodic and t > 0? 

Question 5.2. Let V and W be finitely generated Fl-modules over a field IK of positive 
characteristic. Is it true that the groups ExtK[6n](^Ti. Wn) are eventually periodic in n? 
Question 5.3. Does there exist a manifold M satisfying the hypothesis of Theorem 1.25 
such that, for some t ^ 0, the smallest period (eventually) of the mod-p cohomology groups 
H*(confTt(M), Fp) is p^ or a higher power of p? For all the examples we know so far, either 
the period is p or the stabilization occurs. 

Let Fid be the category whose objects are finite sets and morphisms are injections with 
d-coloring of the complement. More precisely, any f G HomFi,j(A, B) is a pair f = (g,H) 
where g: A —> B is an injection and h: B\g(A) —)■ [d] is any function. We have the following 
conjecture: 

Conjecture 5.4. Let IK be an arbitrary field and V be a finitely generated Fid-module over 
IK. Then dimK Vn) is a quasi-polynomial in n of degree at most d — 1. 
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